A fully discretized domain
decomposition approach for
semi-linear SPDEs

Monika Eisenmann

joint work with Eskil Hansen, Marvin Jans

University of Nottingham
Milstein’s method: 50 years on

2025-07-02

LUND UNIVERSITY

Funded by Swedish Research Council grants 2023-03930 and 2023-04862,
eSSENCE: The e-Science Collaboration and Crafoord foundation



Outline

Monika Ei

Underlying problem

Method: Domain decomposition integrator

Error bound

Numerical example

monika.ei h.Ith.se A fully discretized domain d ition approach for

SPDEs

1/26



Outline

Underlying problem
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Underlying problem
Equation

dX(t) = [ — AX(t) + (£, X(¢))] dt + B(t, X(£)) dW(t), t € (0,tr),
X(0) = Xo
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Underlying problem

Equation

X(0) = Xo

{dX(t) = [ = AX(t) + f(t,X(t))] dt + B(t, X(t))dW(t), t € (0,t),

Unbounded operator A
» A is a positive, linear operator on a Hilbert space H

» A is densely defined on H and a sectorial operator

Example: A= —A: %2 — [
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Underlying problem

Equation

dX(t) = [ — AX(t) + (£, X(¢))] dt + B(t, X(£)) dW(t), t € (0,tr),
X(0) = Xo

Initial condition X,
> filtered probability space by (2, F, (Ft)teqo, 17, P)
> Xo: Q—H
> Xp is Fo-measurable
> for p € [2,00) and Ox, € [0,1): |A% X || o,y < C.

Example: Xp(x,w) = sin(mxy) sin(mx2).
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Underlying problem

Equation
dX(t) = [ — AX(t) + (£, X(¢))] dt + B(t, X(£)) dW(t), t € (0,tr),
X(0) = Xo

Non-linearity f
> f:[0,tr]x H—H
> fis %—Hélder continious w.r.t time
» f is Lipschitz w.r.t X(t), bounded for X(t) =0
> fora 0r € [0, 1), |A%F(t,v)||w < C(1+|A%v|H)
Vv € dom(A%r)

Example: f(t,X) = v/tsin(X).
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Underlying problem

Equation
dX(t) = [ — AX(t) + (£, X(¢))] dt + B(t, X(£)) dW(t), t € (0,tr),
X(0) = Xo

Stochastic perturbation B
> B:[0,t] x H— LS, with L3 = HS(QzH, H)
> Bis %—Hb’lder continious w.r.t time
» B is Lipschitz w.r.t X(t), bounded for X(t) =0
> fora 0g € [0,3), ||A% B(t, Vg < C(1+ ||A%v|y)
Vv € dom(A%)

Example: B(t,X) =1+ X.
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Underlying problem

Equation
dX(t) = [ — AX(t) + (£, X(¢))] dt + B(t, X(£)) dW(t), t € (0,tr),
X(0) = Xo

Q-Wiener process W
Karhunen—Loéve expansion of W

W(t) = Z VarkerBi(t),
k=1
where
» {qk}tken and {ex}ken C H are the eigenvalues and eigenfunctions of
of @,

» {Bk}ken are real valued, independent and identically distributed
Fi-Wiener processes.
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Outline

Method: Domain decomposition integrator
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Operator splitting

A time stepping method to approximate X" ~ X(t,) with
» grid points t, = nt
> step size T =
> Wiener increment AW" = W(t,11) — W(t,)
is given by

X X" = 7 AX™ 4 (£, X™) + B(tn, X") AW,
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Operator splitting

A time stepping method to approximate X" ~ X(t,) with
» grid points t, = nt
> step size T =
> Wiener increment AW" = W(t,11) — W(t,)
is given by

Xl (IJrTA)*l(Xn+Tf(th")+B(tn,X”)AW").
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Operator splitting

A time stepping method to approximate X" ~ X(t,) with
» grid points t, = nt
> step size T =
> Wiener increment AW" = W(t,11) — W(t,)
is given by

X = (14 7(Ay + A2)) " (X7 4 7F(t, X) + B(tn, X")AW?).
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Operator splitting

A time stepping method to approximate X" ~ X(t,) with
» grid points t, = nt
> step size T =
> Wiener increment AW" = W(t,11) — W(t,)
is given by

X = (14 7(Ay + A2)) " (X7 4 7F(t, X) + B(tn, X")AW?).

Then we solve
Xl (/ + TAl)il(X" + 7F(tn, X") + B(fn,X”)AWn)

and
Xl (/ + TAQ)il(X" + 7F(tn, X") + B(fn,X”)AWn)

individually and “glue” them together to a suitable solution.
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Different splittings

Examples:
> Lie splitting

(I+7(A 4+ A)) " (14 7A) (1 +7A)
» Douglas—Rachford

(I +7(A + Az))i1 ~ (I + TA2)71 (1+ TAl)il(/ + 72A1A2)
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Motivation Douglas—Rachford
Exact flow:

2
e TARA) — | (A + Ay) + %(Al + A)* + O(72)
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Motivation Douglas—Rachford

Exact flow:

2
o T(A+A) T(Al + A2) + 7-?(Al + A2)2 + O(T?’)

Splitting scheme:
> Lie splitting:

(I +7A) Y+ 7A) =1 — 7(AL + A2) + 72 (AL + Ar)? — T2 A AL 4+ O(73)

» Douglas—Rachford splitting:

(I +7A) T+ 7A) M+ T2 A1Ay) = | — 7(Ar + A2) + 72 (AL + Ar)? 4+ O(T3)
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Motivation Douglas—Rachford

Exact flow:

2
o T(A+A) T(Al + A2) + 7-?(Al + A2)2 + O(T?’)

Splitting scheme:
> Lie splitting:

(I +7A) Y+ 7A) =1 — 7(AL + A2) + 72 (AL + Ar)? — T2 A AL 4+ O(73)

2
Error: %(A1 + A2)2 — T2 AA; + O(73)
» Douglas—Rachford splitting:
(I +7A) T+ 7A) M+ T2 A1Ay) = | — 7(Ar + Ad) + 72 (Ar + Ar)? 4+ O(T3)

2
Error: %(Al + A2)? + O(73)
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Domain Decomposition

» Overlapping Non-Iterative Domain D1
Decomposition
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Domain Decomposition

» Overlapping Non-Iterative Domain
Decomposition

» Parallelization

P;: Processor 1, P>: Processor 2
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Domain Decomposition

» Overlapping Non-Iterative Domain '

Decomposition o

» Parallelization o

» Weight functions 02
A = _A v 0.0 0.2 0.4 0.6 0.8 1.0
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Domain Decomposition

» Overlapping Non-lterative Domain
Decomposition

» Parallelization o
» Weight functions oz

A — _A 0.0 0.2 0.4 0.6 0.8 1.0

Al=-V-(x1V), Ar=-V-(x2V)

> E. & Hansen (2018, 2021):
Porous medium, Lie/sum, no convergence rate
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Domain Decomposition

» Overlapping Non-lterative Domain
Decomposition

» Parallelization o
» Weight functions oz

A — _A 0.0 0.2 0.4 0.6 0.8 1.0
x

Al=-V-(x1V), Ar=-V-(x2V)

> E. & Hansen (2018, 2021):
Porous medium, Lie/sum, no convergence rate

> Carelli et al. (2012): Different approach, less
general equation
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Domain Decomposition

10
» Overlapping Non-lterative Domain b

Decomposition o — w0

> Parallelization g
» Weight functions oz
00

A= _A D

Av=-V-(x1V), Ar=-V-(x2V)
> E. & Hansen (2018, 2021):
Porous medium, Lie/sum, no convergence rate
> Carelli et al. (2012): Different approach, less
general equation

» Buckwar, Djurdjevac & E. (2024): Time
discretization, Lie, variational setting but stronger
regularity assumption
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Lie vs. Modified Douglas-Rachford

Lie splitting

Monika Eisenmann, monika.eisenmann@math.|th.se

0.00384
0.00071

~0.00242
~0.00555
-0.00868
~0.01181
-0.01494
~0.01807
-0.02120

~0.02433

A fully discretized domain decomposition approach for semi-linear SPDEs

0.00017

~0.00128

-0.00273

~0.00418

—0.00563

~0.00708

-0.00853

~0.00998

-0.01143

~0.01288

Modified Douglas-Rachford splitting
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Discontinious Galerkin

» Piecewise polynomials
» Block-diagonal mass matrix ot
» his the mesh size

» T is set of elements T

v

Fp is set of edges e
jump [v]le = v|7; — vir-

average {v}|e = 3 (vys + VTE‘)

v

v

Then we have

(Anvh, Wh)L2(D) = Z (vvh’th)(LZ(T))d
TE€Th

= [ (109w neond + (7w ol Tl i

ecFy €

while f, and B, are suitable projections of f and B.
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Discontinious Galerkin

» Piecewise polynomials
» Block-diagonal mass matrix ot
» h is the mesh size

» T is set of elements T
> Fp is set of edges e

jump [v]le = v|7; — vir-

average {v}|e = 3 (vys + VTE‘)

v

v

Then we have

(Ah,lvh; Wh)Lz(D) = Z (levhavwh)(p(r))d
TETh

- /Xl ([{Vvh “Net[wh] + {Vwh - net[wi]] — %[Vh][WhD d¢

ecFy €

while f, and B, are suitable projections of f and B.
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Modified Douglas-Rachford splitting

We consider the scheme

X;(,J,T = PpXo,
Xpr = an2an1 (X + 7f(to, Xp ) + Ba(to, X§ , JAW?),

XP = Sh Xp Tt A+ anpony (THa(ta-1, Xp71) + Ba(fa(ta-1, Xg 1) AW™).
with
an1 = (I +7Ap1)"and apo= (I +7A2)""
and

Shr = an2ani(l + 72 Ap1An2)

» Hansen & Henningson (2016): Parabolic PDE, higher spatial
regularity

» Hansen et al. (2016): Parabolic PDE, higher temporal regularity

» Hochbruck & Kahler (2022): 1% order wave-like operators,
Peacemond-Rachford, higher regularity
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Outline

Error bound
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Result

If the previous mentioned assumptions hold for a O, € [0, 05 + 3) and
0r € [0, min{6x,, 3}]. Then it holds that

[ X(te) — Xli\,lq-HLP(Q;H)
< C(h2 min{0x,,0¢,08}+1 + Tmin{GXO,Of,OB,%})(l + In(N))

Monika Eisenmann, monika.eisenmann@math.Ith.se A fully discretized domain decomposition approach for semi-linear SPDEs 13/26



Convergence proof

Exact solution

tit1

X(t2) = e "X +Z / 0947 (s, X(s)) ds

n=1 ity
+) / e~ (B=)AB(s, X(s)) dW(s)
k=0

Numerical approximation

n—1
Xpr = 5,',';101;1,26%,1 PpXo+ T Z S;’:’;kilah,Zah,l fo(tx, X;/f,f)
k=0
=1 e
+Z/ 5" k= 1ah72ah,1Bh(tk,X,:"T)dW(s).
k=0

Shr = anpon1(l+ 72Ap1A52)
an1 = +7Ap1)7Y, apa= (I +7Ap2)"!
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Convergence proof

Error representation

X(tn) — X,’:’T = (eit"A — hT oq, 20tp 1Ph)X
n—1

+

(]

tit1
[ / e (B IAL(s, X(5)) ds — 757 a0 fo(tio X, )|

11
= o

tk+1
T / [e™ (0 =9AB(s, X(5)) — Sp ¥ atn 2001 Bu(tic, Xi )| dW(s).
k=0

Shr = anpon1(l+ 72Ap1A52)
an1 = +7Ap1)7Y, apa= (I +7Ap2)"!
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Convergence proof

Error representation

X(tn) — Xl?,r = (eit"A — hT O/h 20¢h. 1Ph)X
n—1

_|_

(]

tit1
[ / e (=9Af (s, X(s)) ds — 7'5,':;1(_101;,,2@;,711’;,(1.‘;{,X,ﬁT)}

11
= o

7351
+ / [e™ (0 =9AB(s, X(5)) — Sp ¥ atn 2001 Bu(tic, Xi )| dW(s).
k=0

Shr = anpon1(l+ 72Ap1A52)
an1 = +7Ap1)7Y, apa= (I +7Ap2)"!
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Convergence proof

Error representation

X(tn) — XI”I’,T = (e_t"A — hT a;, 20tp 1Ph)X
n 1

tit1
4 {/ e*(er)Af(s7 X(s))ds — TSﬁ;k_lCXhQOéh,l f(tk, Xiﬁr):|

»
O

n—1 tht1
+ / [e™ (0 =9AB(s, X(5)) — Sp ¥ atn 2001 Bu(tic, Xi )| dW(s).
k=0

Shr = anpon1(l+ 72Ap1A52)
an1 = +7Ap1)7Y, apa= (I +7Ap2)"!
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Convergence proof

Error representation

X(tn) — X/:’T = (e_t"A — h - ah 20tp 1Ph)X
n 1
+ {/ e (6 S)Af-(S X(s ))ds—75[777;k_1ah,2ah71fh(tk,X,f’T)}

»
O

n—1

fk+1
+ / "=AB(s, X(s)) — Sﬁ;k_lahQah,lBh(tkvXI:(,T)] dW(s).
k=0

Shr = anpon1(l+ 72Ap1A52)
an1 = +7Ap1)7Y, apa= (I +7Ap2)"!
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Convergence proof

Error coming from stochastic perturbation B

Apply Burkholder—Davis—Gundy inequality

n—1 .t )
H Z/ k1 [e_(tn—s)AB(S,X(S)) — Sg;k—lah,zah,lBh(tk, leT)] dW(s)‘
k=0 tk ’ , L(9:H)

n=1 ot
(t—s e 2
<cy / o= =DAB(s, X()) — Sp- tn20m1Ba(t X2 ey s
k=0t

k

Shr = anpon1(l+ 72Ap1A52)
an1 = +7Ap1)7Y, apa= (I +7Ap2)"!
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Convergence proof

Error coming from stochastic perturbation B

Z/ o™= B(s, X()) = Sp-* 201 Ba(ti, X ) ||iv(Q;Lg) ds
k1 (t—s)A oA )
<C(k§_:/tk e~ 9B, X(5)) — B X ()2 gy I
n—1

tit1
+ Z/ [ (e (om A — Sﬁ}k*lah,zah,lph)B(tkaX(fk))Hip(sz;Lg) ds
k=0

+Z/

tit1

HS,:’;’(_Iahgah,l (PhB(tk, X(tx)) — Bn(t, X/,(’T)) HiP(Q;Lg) ds)

Sh’,,. = ah,Qah’l(l + T2Ah,1Ah’2)
ap1 = (I +7An1)7Y  ana = (1 +TA2)"?
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Convergence proof

Error coming from stochastic perturbation B

Z/ |e=("=IAB(s, X(s)) — Sp*anoan1Ba(te, XK,) ||iP(Q;Lg) ds

— k+1
< C(Z/t |[e= (=4 B(s, X(s)) — e*(tnftk)AB(tk,X(tk))Hip(Q;Lg) ds
= k

n—1

tys1
+ Z/ [ (o7 (nmtA — 5;7}“104/7,2%,1”/1)3(&,X(tk))Hip(sz;Lg) ds
k=

+z/

tit1

HS,:’;"_Iahgah,l (PhB(tk, X(tx)) — Bn(t, X/,(’T)) HiP(Q;Lg) dS)

Sh’.,. = ah,QOCh,l(l + T2Ah’1Ah’2)
ap1 = (I +7An1)7Y  ana = (1 +TA2)"?
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Convergence proof

Error coming from stochastic perturbation B

Z/ |e=("=IAB(s, X(s)) — Sp*anoan1Ba(te, XK,) ||iP(Q;Lg) ds

7351
< C(Z/t o4 B(s, X(s)) —e—(tn—rk)AB(tk,X(tk))||ip(Q;Lg) ds
k=0 "t

n—1

tys1
+ Z/ [ (o7 (nmtA — 5;7,?k7104h,2ah,1ph)3(tk,X(tk))Hip(sz;Lg) ds
k=0 " t

+Z/

78]

HSﬁ;k_lahﬁzah,l (PhB(tk, X(tx)) — Bn(tk, X;If,_,_)) HiP(Q;Lg) ds)

Sh’.,. = ah,QOCh,l(l + T2Ah’1Ah’2)
ap1 = (I +7An1)7Y  ana = (1 +TA2)"?
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Convergence proof

Error coming from stochastic perturbation B

n 2

Z/ |e=("=IAB(s, X(s)) — Sp*anoan1Ba(te, XK,) ||Lv(Q;Lg) ds
tit1
< C(Z/ ||e_(t"_s)AB(S,X(S)) _ e_(tn_tk)AB(tk)X(tk))Hip(Q.LO) ds
k=0 7 t i

n—1 tis1 5

+ Z/ (e (= — Sp e acvn1 P) B(ti X (1)) | 1o 09 95
ty

k=

— [ k=1 PENIE:
Z/ [|Sh " an 20,1 (PrB(ti, X(t)) — Bh(tkaXh,-r))H[_P(Q;Lg)ds)
k=

Shr = anpon1(l+ 72Ap1A52)
an1 = +7Ap1)7Y, apa= (I +7Ap2)"!
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Convergence proof

Splitting error

H (e_(tn—tk)A _ S;:;k_lah,Zah,l 'Dh) B(t’k7 X(tk))HLP(Q;Lg)

Shr = anpon1(l+ 72Ap1A52)
ap1 = +7An1)" Y anp=(+7Ap0)7t
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Convergence proof

Splitting error

H (e_(tn—tk)A _ Sg;k_lah72ah,l ’Dh) B(tk, X(tk))HLP(Q;Lg)

<[(e™ - Sg,;lah72ahylph)A_eBH[:(H)HAQBB(tkyX(tk))HLp(Q;Lg)

Shr = anaon1(l+ 72Ap1A52)
an1 = +7Ap1)7Y, apa2= (I +7Ap2)"!
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Convergence proof

Splitting error

H (e_(t"_tk)A — Sﬁ;k_lah,zah,lph) B(t, X(tk))HLP(Q;LS)
< (|| (7 —e "M P AT oy + || (70 — 5;7}1%20417,1)PhA_GB”“”))
X HABBB(%X(tk))HLp(Q;Lg)

Shr = anpon1(l+ 72Ap1A52)
an1 = +7Ap1)7Y, apa2= (I +7A2)"!
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Convergence proof

Splitting error

H (e_(t"_tk)A — 5,;’;"_1ah,2ah,1ph) B(t, X(tk))HLP(Q;LS)
< (” (e_tnA e tAn Ph)A_eBHE(H) + || (e—tnAh _ 5:;104;,,20&/7,1)PhA—GB”ﬁ(H))
X HABBB(%X(tk))HLp(Q;Lg)

—1
> Crouzeix:||(e” A — e "M Py ) A= || £y < Ctp 2 H?08H1

Shr = anon1(l+ 72Ap1A52)
ap1 = +7Ap1)"Y, apa2= (I +7A2)"!
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Convergence proof
Splitting error

H (e_(tn—tk)A _ Sﬁ;k—lahgah)lph) B(tk, X(tk))HLP(Q;Lg)
_1
< (Ctn 2ROl || (e — 5;217;1()éh,204h,1>PhA793|‘L(H))

X ||A953(tk,X(fk))HLn(Q;Lg)

> SpIitting:H (e_t”Ah — S,:’;lahyzahJ)PhA_gBHL(H) < Cr%(1 4+ In(n))

Shr = anpon1(l+ 72Ap1A52)
an1 = +7Ap1)7Y, apar=(+7A2)"!

Monika Eisenmann, monika.eisenmann@math.|th.se A fully discretized domain decomposition approach for semi-linear SPDEs 18/26



Convergence proof

Splitting error

H (e_(tn—tk)A _ Sg;k—lozh72ah)1ph) B(tk, X(tk))HLP(Q;Lg)

< (Ct,,_%hz(’BJr1 + || (e~ — S,’,’;lah,zahJ)PhA*GBHz(H))
X ||A958(tk,X(tk))HL,,(Q;Lg)

> SpIitting:H (e_t"Ah - S,:’;lahyzam)PhA_gBHL(H) < Cr%(1 4+ In(n))
> If Ap1 and Ap are self-adjoint and commute:
_1
||(e’t"Ah — 5;11;10”7’20[’771)"3””[,(H) < Cty 27'%(1 + In(n))% and we
could improve our result
[Ichinose, Tamura, 2001]

Shr = anpon1(l+ 72Ap1A52)
an1 = +7Ap1)7Y, apar= (I +7A2)"!
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Outline

Numerical example
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Numerical example

dX(t,x) = (AX(t,x) + 72(1 + X(t,x)) sin(mx;) sin(7x2)) d¢

+10X(t,x) dW(t,x), (t,x) € (0,0.1) x D;
X(t,x) =0, (t,x) €(0,0.1) x 9D;
X(0,x) = sin(mxq) sin(mxz), xeD.

—
> DUNE-FEM (Dedner et al. (2020)) N \
" \\ xxxxx
> D=(0,1) . \
» 100 Monte Carlo iterations \
» By are i.i.d. Brownian motions e T

> W(t,x) = X pene(k* + )72~ sin(kmxi) sin(€mx2) Br e(t)
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Numerical example

» Temporal error at the final time for 7 = 0.1-27/ with j = {2,...,7}
and fixed spatial parameter h = 1/200

= Douglas-Rachford
~ Lie

—— No splitting

—— Referece slope 0.5

Error

1072 4

10°* 10-3
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Lie vs. Modified Douglas—Rachford

» Comparison of splittings with h = 1/200 and 7 = 0.1-27°

0.00384 0.00017
0.00071 —0.00128
-0.00242 -0.00273
~0.00555 ~0.00418
-0.00868 -0.00563
—0.01181 -0.00708
-0.01494 ~0.00853
~0.01807 ~0.00998
-0.02120 -0.01143
~0.02433 -0.01288

Lie splitting Modified Douglas-Rachford splitting
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Numerical example

> Spatial error at the final time for 7 = 10~* and different space
discretization with h =% -2~/ and j = {1,...,5}

—e— Douglas-Rachford
——- Referece slope 2 g
10—2 4
g
&b 1073 4
10—4 4
1072 101
h
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Numerical example

dX(t,x) = AX4(t,x)dt + X(t,x) dW(t,x),
X(t,x) =0,

> DUNE-FEM (Dedner et al. (2020))
» D=(0,1), S =0.02,

» 100 Monte Carlo iterations

» [y arei.i.d. Brownian motions

>

5

W(t,x) =2, k=27 sin(kmx)B(t)

A fully discretized domain decomposition approach for semi-linear SPDEs

(t,x) € [0,0.01] x D;
(t,x) € [0,0.01] x 9D;
x € D,
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Numerical example

» Temporal error at the final time for 7 = 10=* . 2~/ with
Jj=1{4,...,10} and fixed spatial parameter h = 1/200

3x107* | —— pouglas-Rachford
—+— Lie
. | = Nosplitting e
2x10 --- Referece slope 0.5 -
5
5 107% 4
6x107°
4x107°
1077 10-°
T
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Thank you for your
attention!

Related preprint: https://doi.org/10.48550/arXiv.2412.10125
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Underlying problem

Existence of a solution

» In the above setting, there exists a unique mild solution up to
modifications.

> For Ox, € [0, 05 + 3), fulfills

sup [|AP0X(t)||eitny < C,  t€(0,tr)
te(0,tr)

and

X e Cmin{exoé}([()’ tf]; LP(Q; H))
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Underlying problem

Existence of a solution

» In the above setting, there exists a unique mild solution up to
modifications.

> For Ox, € [0, 05 + 3), fulfills

sup ||A0X0X(t)||LP(Q;H) <C, te(0,tr)
te(0,tr)

and
X e Cmin{exo,%}([Q te]; LP(2; H)).

In short
We simplify 0x, = 1:

>

sup [|A*“X(8) ey < €, t€ (0, )
te(0,tr)

X € C2([0, t]; LP(; H)).
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