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1. Consider the function

a(t) =

(
1

α
−
1

β

)−1

[e−αt − e−βt], t > 0

(a) Show that a(t) is normalised.

(b) Show that in the limit α → β, a(t) approaches the alpha function η(t) = α2te−αt

(c) Show that the alpha function has a maximum at t = α−1 and sketch η(t). Comment
on the limit α → ∞.

(d) Show ∞∑
m=0

η(t+m∆) =
α2e−αt

(1− e−α∆)

[
t+

∆e−α∆

1− e−α∆

]
, t ∈ [0, ∆).

(e) Show that X(t) =
∑
m η(t − Tm) may be regarded as the solution to the system of

ODES
1

α
Ẋ = Y − X,

1

α
Ẏ = −Y +

∑
m

δ(t− Tm)

2. Consider the integrate-and-fire network

u̇i = −ui + I+ ε
∑
j

Wij

∑
m

η(t− Tm(j))

with reset to zero whenever ui(t) = 1.

(a) Use the transformation (solution of the uncoupled system)

θi(t) =
1

∆

∫ui(t)

0

dV

I− V
, ∆ =

∫ 1
0

dV

I− V

to show that the dynamics may be re-formulated as

θ̇i =
1

∆
+ ε

∑
j

WijR(θj)
∑
m

η(t− Tm(j)), R(θ) =
eθ∆

∆

(b) After averaging show that the fixed point equations have the form

ε
∑
j

WijH(θj − θi) = 0

(c) Construct the exact phase-locked solution to the system by writing Tm(j) = (m−θj)T

and integrating the equations of motion. Compare your results to those obtained using
the averaged equations of motion.
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3. Consider two neurons with relative phase φ satisfying

φ̇ = ε[H(−φ) −H(φ)], H(φ) =

∫ 1
0

R(θ− φ)P(θ)dθ

where R(θ+ 1) = R(θ).

(a) Show that if P(θ) =
∑∞
m=0 η((θ+m)∆) then

H(φ) =

∫∞
0

R(θ− φ)η(θ∆)dθ

(b) Calculate H(φ) when η(t) = α2te−αt and R(θ) = 1 + cos 2πθ. Determine the
equilibrium solutions and their stability.

4. Consider a ring of phase oscillators described by

θ̇k =
1

∆
+ ε

N∑
j=1

WjH(θk+j − θk)

(a) Find the conditions which guarantee solutions of the form θk = Ωt + kβ. Describe
this form of solution or splay state in words.

(b) Show that stability of the splay state depends on the elements of the Jacobian:

Ĥkj = Hkj − δkj
∑
l

Hkl, Hjk = εWj−kH
′((j− k)β)

Use translation invariance to show that the eigenvectors of Ĥ are

θk(t;p) = eλ(p)t+2πıkp/N, λ(p) = ε

N∑
k=1

WkH
′ [e2πıpk/N − 1

]
, p = 0, . . . ,N−1

(c) State why the generic bifurcation of a splay state for an odd number of oscillators is
a simple Hopf bifurcation.

5. Consider the continuum phase oscillator model with space-dependent delays

∂θ(x, t)

∂t
=
1

∆
+ ε

∫∞
−∞W(y)H(θ(x+ y, t) − θ(x, t) − |y|/v)dy

(a) Find the frequency of solutions defined by θ(x, t) = Ωt+ βx.

(b) Show that these solutions are stable if Reλ(p) < 0, where

λ(p) = ε

∫∞
−∞W(y)H ′(βy− |y|/v)[eıpy − 1]dy

(c) For the case that H(φ) = sin 2πφ and W(y) = W(|y|) show that

Reλ(p) = πε[Λ(p, 2πβ+) +Λ(−p, 2πβ−)]

where

Λ(p, β) = Wc(p+ β) +Wc(p− β) − 2Wc(β), Wc(p) =

∫∞
0

W(y) cos(py)dy

and β± = ±β− 1/(v).

(d) Show that for W(y) = e−|y| and v → ∞ the synchronous solution is stable for ε > 0.
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