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1. Intro & motivation



• A lot of attention has been spent to study the dynamics of 
piecewise smooth systems in many application domains

Introduction 4



• Results are available to study well-posedness, bifurcations, 
stability and other properties of PWSS

• Attention is often focussed on bimodal PWSS of the form

• ..with low-dimensional state vectors..

• ..and one discontinuity boundary

• ..no delays or noise etc etc

Bimodal PWS systems 5

� := {x � Rn : H(x, µ) = 0}

x2

x1



• Theoretical progress has been haunted by a number of key 
problems.

• Open challenges include how to deal both analytically and 
numerically with:
• higher-dimensional flows

[the curse of dimensionality]
• intersections of multiple switching boundaries
• bifurcations of higher-codimension
• Sliding of sliding
• etc

Common open challenges 6



• Solving these problems is crucial in many applications of the 
theory of piecewise smooth systems

Crucial in many applications 7



• These problems are all instances of complex networks

Complex networks.. 8

ẋi = fi(xi) + gi(xi)ui, i = 1, . . . , N

Agent dynamics

ui = �
N�

j=1

aij [h(xj)� h(xi)]

Coupling protocol

L = D �A

Network structure



• There is a notable difference though…

• In complex networks theory it is often assumed that
1. The dynamics of each agent is sufficiently smooth and differentiable
2. Agents communicate via coupling functions that are smooth and 

differentiable
3. The network structure is fixed in time..

• This is not the case in these applications

..with a twist 9



Bridging the gap 10



• A network can be piecewise smooth at different levels

1. At the agent level
2. At the coupling level
3. At the structural level
4. Any combination of the above

What is a piecewise-smooth network? 11



1. Networks of PWS systems 12

Self-organized criticality 1391

Figure 5. Illustration of the slider-block model. (a)
A single block of mass m is pulled over a surface by a
constant-velocity v driver plate. The plate is connected to
the block by a spring with spring constant k. The motion
is restricted by a frictional force Fs . (b) Two blocks with
mass m are pulled over a surface. The two masses are
connected by a spring with spring constant kc . Eachmass
is connected to the driver plate with spring constant kp .

Figure 6. Illustration of the two-dimensional slider-
block model. An array of blocks, each with mass m,
is pulled across a surface by a driver plate at a constant
velocity, V . Each block is coupled to the adjacent blocks
with either leaf or coil springs (spring constant kc), and
to the driver plate with leaf springs (spring constant kp).

with positive values of the Lyapunov exponent in the chaotic regions. The behaviour of the
pair of slider blocks is very similar to the behaviour of the logistic map (May 1976).

A modification of this model is to allow only one block to slip at a time. The first block to
become unstable is allowed to complete its harmonic motion before the stability of the second
block is considered; if the second block is then unstable, it is allowed to slip before the motion
of the driver plate is updated. This is a cellular-automata model. Extensive studies using this
model were carried out (Narkounskaia and Turcotte 1992, Narkounskaia et al 1992) and these
showed that its behaviour was essentially identical to the results obtained when both blocks
were allowed to slip simultaneously.

The chaotic behaviour of the low-dimensional Lorenz equations (Lorenz 1963) is now
accepted as evidence that the behaviour of the atmosphere and oceans is chaotic. Similarly,
the chaotic behaviour of a pair of slider blocks is evidence that earthquakes exhibit chaotic
behaviour (Huang and Turcotte 1990b).

3.2. Self-organized critical behaviour

The slider-blockmodel with a pair of slider blocks considered above can be extended to include
large numbers of slider blocks. Multiple slider-block simulations were first considered by
Burridge and Knopoff (1967). Laboratory studies were carried out on a linear array of slider
blocks pulled from one end. Large slip events were quasi-periodic and the smaller slip events
satisfied a power-law dependence of cumulative number of events on size. Otsuka (1972)
obtained power-law frequency–size statistics for a two-dimensional array of 2000 slider blocks
using an electrical analogue without dynamic friction. Other early studies were also carried

• Agents can 
• Have different degrees of discontinuity
• Can be identical or heterogenous
• Switching can be time-dependent

or state-dependent



• Oscillations in Brake 
Systems [1]

• Burridge-Knopoff
models in earthquake 
engineering [2]

Examples 13

[1] G. Ostermeyer, "Dynamic Friction Laws and Their Impact on Friction Induced 
Vibrations", SAE technical paper, 2010.

[2] D L. Turcotte, "Self-organized criticality." Reports on progress in physics 62.10, 1999.



• Structure is fixed

• Agents communicate via PWS functions
(e.g. switched functions, piecewise linear coupling)

• Delays, noise might be present

2. Networks with PWS coupling 14



Example 15

[1] L. Glass, S. A. Kauffman., "The logical analysis of continuous non-linear biochemical 
contro networks", J. Theor. Biol. 39, 103–129, 1973.



• In this case the structure of the graph evolves discontinously

• This is encoded in a time-varying network Laplacian

• ..that can change in a time-dependent or state-dependent
manner

• e.g., event-based connections, proximity networks

3. Networks with a PWS structure 16



• Temporal networks

• State-dependent connections
(proximity networks)

• Power electronic networks

Examples 17



• We want to study the collective
behaviour of networks of 
piecewise smooth systems

• We focus on synchronization
as the simplest type of emerging behaviour 

Our goal 18
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• Under what conditions can we guarantee
convergence?

• Can we engineer a distributed coupling
protocol able to induce synchronization?

• Can we achieve synchronization without controlling all of the 
system nodes?

• Can we prove local or global convergence to the 
synchronous behaviour? Bounded or asymptotic?

Key research questions 19



• A PWS network is a large high-dimensional PWS system

• Sliding motion can occur on several surfaces

• Asynchronous switching of different nodes can easily lead to 
instability

• Tools to prove global convergence of large PWS systems
are few and very conservative

Key hurdles 20



Relevant previous results 21

Paper Global sync. Asymptotic sync. Control Lack of centralised control

[1] Yes ✘

[2] ✘ No

[3] ✘ No

[4] Yes

[1] X. Yang, Z. Wu, J. Cao, “Finite-time synchronization of complex networks with nonidentical
discontinuous nodes,” Nonlin. Dyn., 73(4), 2313–2327, 2013.

[2] P. De Lellis, M. di Bernardo, D. Liuzza, “Convergence and sync. in heterogeneous networks of 
smooth and piecewise smooth systems,” Automatica, 56, 1–11, 2015.

[3] S. Coombes, R. Thul, “Synchrony in networks of coupled non-smooth dynamical systems: 
Extending the master stability function”, Eur.J.Appl.Math.,27(6), 904–922, 2016.

[4] M. Coraggio, P. De Lellis, M. di Bernardo, “Achieving convergence and synchronization in Networks 
of PWS Systems via distributed discontinuous coupling”, submitted to Automatica, 2019.



2. Proving
convergence



• Given a network of PWS systems

• We want to find conditions on

• the agent dynamics
• the coupling function
• the network structure

• in order to guarantee global convergence of all the agents 
towards synchronization

Sufficient conditions for convergence 23



• A widely used condition for networks of smooth systems is 
the QUAD assumption

• It is possible to show that some PWS systems fulfill this 
property

• In this case convergence results can immediately be 
extended to networks of PWS systems of the form

Agent dynamics: the QUAD condition 24

1.P. De Lellis, M. di Bernardo, G. Russo, “On QUAD, Lipschitz and contracting vector fields for consensus and synchronization 
of networks”, IEEE Transactions on Circuits and Systems I, vol. 58, pp. 576–583, 2011

http://ieeexplore.ieee.org/document/5641620/


Theorem. Suppose

• f is QUAD(P, Q), with P > 0,

• Γ > 0.

The network synchronizes if c > c*, where

Synchronization of PWS QUAD systems 25

Topology

Agent dynamics

Coupling protocol

[1] M. Coraggio, P. De Lellis, S. J. Hogan, M. di Bernardo, “Synchronization of Networks 
of Piecewise-Smooth Systems,” IEEE Control Syst. Lett., 2(4), 653–658, 2018.



• Consider a relay system               , with

• The system is QUAD with 

• Take a network of N = 50 systems with λ2(L) = 14.80, Γ = I. 

• Then we can estimate the critical coupling gain as
c* = ||Q||2 / λ2(L) = 0.21

Example 26



Example 27

c = 0.05 < c*

c = 0.25 > c*



• For PWS systems the QUAD assumption is often too strong

• So we need to relax that assumption in order to account for 
more realistic cases

Problem 28

QUAD function Non-QUAD function



• As a first attempt we introduced the concept of a 
QUAD-affine vector field such that

• Under this assumption we were able to find sufficient
conditions for bounded synchronization

A first relaxation of the QUAD property 29

P. De Lellis, M. di Bernardo, D. Liuzza, “Convergence and sync. in heterogeneous networks of smooth and 
piecewise smooth systems,” Automatica, 56, 1–11, 2015.



• Here is a flavour of the conditions we were able to derive

Bounded convergence result 30
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Estimate of the critical coupling gain 

Upper bound of the synchronization error



• Take a network of five chaotic relay systems

Example 31

IV. TWO COUPLED PWSB
In this section, the problem of synchronizing two PWSB

systems is investigated. We will consider two identical multi-
modal PWSB systems of the form

ẋi = Fσi
(xi, t), for xi ∈ Sσi

, (2)

with xi ∈ Rn and σi = σ(xi) being the state-dependent
switching signal for the i-th system (obviously in our case
i = 1, 2). The set Sσi

⊆ Rn is the set where the smooth vector
field Fσi

is active, according to the definition of a generic
PWS given in [14]. Clearly ||Fσi

||α < Mσi
< +∞ ∀σi ∈ P

because of the boundedness hypothesis.
Adding an external input to each system we can write ẋi =

Fσi
(xi, t) + Wui with ui ∈ Rr and matrix W ∈ Rn×r.
Now we couple the two systems using a simple diffusive

protocol. We have:
{

ẋ1 = Fσ1
(x1, t) + kWΓ(x2 − x1),

ẋ2 = Fσ2
(x2, t) + kWΓ(x1 − x2),

(3)

with Γ ∈ Rr×n being the inner coupling matrix and k ∈ R+

being some constant coupling gain.
We can prove the following theorem
Theorem 1: Coupled system (3) achieves ϵ-bounded syn-

chronization if there exist a matrix P = PT > 0 such that

−(ΓT
1 P + PΓ1) < 0,

with Γ1 = WΓ ∈ Rn×n.
Furthermore the bound ϵ can be made arbitrarily small by

choosing k appropriately.
Proof: Let us consider the error e = x1 − x2, we can

write the error system associated to (3) as

ė(t) = Fσ1
(x1, t) − Fσ2

(x2, t) − 2kΓ1e(t) ∀σ1,σ2 ∈ P.

Considering a quadratic candidate Lyapunov function
V (e) = 1

2
eT Pe, we can express its derivative along the

trajectory of the evolution of the error system as

V̇ = −keT (ΓT
1 P + PΓ1)e +

1

2
eT P (Fσ1

(x1, t)− Fσ2
(x2, t)).

(4)
In (4) we have

−keT (ΓT
1 P + PΓ1)e < 0 ∀e ∈ R

n − {0}

while the term
1

2
eT P (Fσ1

(x1, t) − Fσ2
(x2, t))

is upper bounded by ||e||α ||P ||α M , where M = max
σi∈P

Mσi
.

So we have:

V̇ ≤ −keT (ΓT
1 P + PΓ1)e + ||e||α ||P ||α M.

Considering e = ϵeu, with eu = 1

||e||
α

e, we can write

V̇ ≤ −kϵ2eT
u (ΓT

1 P + PΓ1)eu + ϵ ||P ||α M. (5)

Let the positive finite scalar value m = min
||y||

α
=1

yT (ΓT
1 P +

PΓ1)y, then from (5) we have:

V̇ ≤ −kϵ2m + ϵ ||P ||α M, (6)

which is negative definte for ϵ >
||P ||

α
M

mk
.

Hence, limt→+∞ ||x1(t) − x2(t)||α ≤ ϵ, for k sufficiently
large.

Remark 1: It easy to note that the quantities P,Γ1, k can be
viewed as parameters of a control system designed to achieve
synchronization for the couple (3). As for the majority of the
control systems, even in this case the choice of such control
parameters is not unique. The hypothesis in theorem 1 in
particular means that Γ1 must be chosen as the opposite of
a Hurwitz matrix.
Remark 2: Notice that, as we have already said, the only

hypothesis on each uncoupled system in (3) is boundedness
of the vector field. Hence each individual system can exhibit
sliding or even be unstable.

A. Numerical Example
We consider two coupled identical PWSB systems of the

form:

ẋ =

⎧

⎪

⎨

⎪

⎩

Axi + B Cxi < 0, |xi| ≤ ρ

Axi − B Cxi > 0, |xi| ≤ ρ

− ρ
|xi|

Axi |xi| > ρ

for i = 1, 2.

Notice that this system is an usual relay system [15] with
a constant divergent limitation for |xi| greater than a certain
radius so, for the sake of clarity, it is a three-modal system.
Coupling systems as in (3) with the choice W = Γ = I and

k = 1, Theorem 1 holds. Figs. 1(a), 1(b) and Figs. 2(a), 2(b)
show the state space and the error trajectory e(t) = x1(t) −
x2(t) respectively for the uncoupled and the coupled system
with

A =

(

0 1
−1 −1

)

, B =

(

1
1

)

, C =
(

0 1
)

,

and initial conditions x1(0) = ( 1 1 )T and x2(0) =
( −2 −2 )T .
As we can see, sliding motion is exhibited in both the

uncoupled and coupled case.

V. GENERALIZATIONS AND FUTURE WORK

In this section we consider two identical three-dimensional
relay systems of the form

ẋi = Axi + Bri + u, (7)
yi = Cxi, (8)
ri = −sgn(yi). (9)

1.3 Other examples of piecewise-smooth systems 31
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Fig. 1.21. Orbits of the three-dimensional relay system (1.22)–(1.24) with b =
(1,−2, 1)T , a31 = −5 and (a) a11 = 1.206, a21 = −99.9372 and (b) a11 = 1.35,
a21 = −99.93. The sliding region is the subset of {y = 0} bounded by the two
horizontal lines.

total of 12 separate pieces of sliding motion (the horizontal orbit segments).
In Chapter 2 we shall explain how to define the dynamics on the switching
set (or switching manifold) {y = 0} in a consistent way as the limit of the
dynamics above and below the set.

Now, panel (b) of Fig. 1.21 shows the attractor of the same system under
a slight adjustment of its parameter values. The fact that this is chaotic at-
tractor can be seen from the ‘thickness’ of the apparent single curve in the
figure, which is in fact many different trajectories almost overlaid. This is not
a transient; as one continues to compute the solution, so the thick region con-
tinues to be filled out. Not also that this attractor is asymmetric, which can
be seen in the way the trajectories enter their final long pieces of sliding at
the thin end of the two horn-like structures. On the right-hand side, there is a
definite piece of non-sliding motion (the upwards blip) between the final piece
of sliding in the horn and the long piece of sliding that causes the transition
to the left-hand horn. At the end of the left-hand horn however, there is no
distinguishable blip separating the two intervals of sliding motion.

One might imagine that a bifurcation happens as one continuously varies
the parameters between those values used in panels (a) and (b) of Fig. 1.21.
The bifurcation in question seems to involve interaction with the two horizon-
tal lines in the figures. These represent the boundaries within the switching
manifold {y = 0} that delineate the region where sliding is possible. This is
an example of a discontinuity-induced bifurcation (DIB), as were the grazing
bifurcations that we encountered in the last section. The analysis of DIBs
associated with sliding forms the subject of Chapter 8. In fact, a detailed ex-
planation of the dynamical transitions involved in the relay system simulated
in Fig. 1.21 forms the entire subject of Sec. 8.2.

M. di Bernardo, C. J. Budd, A. R. Champneys, and P. Kowalczyk, “Piecewise-smooth Dynamical Systems”, 
Springer-Verlag, 2008



Numerical results 32
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• The results are very general and also apply to networks of 
heterogeneous systems

• Conditions not always easy to apply (lots of algebraic 
manipulations)

• Most importantly analytical estimates are often too 
conservative

• We can only prove bounded convergence while often in 
simulations (e.g. relays’ example) we observe asymptotic 
convergence

• What if we want to achieve asymptotic convergence?

Remarks 33



3. A multiplex 
discontinuous
approach



• For those PWS functions that are not QUAD…

• We define a vector field as σ-QUAD if

• Now the dynamics f can have any number of finite jumps.

From QUAD to σ-QUAD 35

QUAD σ-QUAD not QUAD σ-QUAD



• In general diffusive coupling does not suffice on its own to 
achieve convergence in these cases

• So we added an extra discontinuous coupling layer to 
guarantee convergence

A distributed discontinuous approach 36

x1 x3

x2 x4

x5

ẋi = f(xi)� c
NX

j=1

Lij�(xj � xi)�cd

NX

j=1

Lij�d sign(xj � xi)ẋi = f(xi)� c
NX

j=1

Lij�(xj � xi)� cd

NX

j=1

Ld
ij�d sign(xj � xi)



Theorem. Suppose

• f is σ-QUAD(P, Q,M), with P > 0,

• Γ, Γd > 0.

The network synchronizes if c > c* and cd ≥ cd
*, where

Synchronization of PWS QUAD systems 37

Agent dynamics

Coupling protocolTopology

M. Coraggio, P. De Lellis, M. di Bernardo, “Achieving Convergence and Synchronization 
in Networks of Piecewise-Smooth Systems via Distributed Discontinuous Coupling”, 
submitted to Automatica (see arXiv), 2019.

x



• δ𝒢 d : minimum density of 𝒢d; computed from sparsest cut.

• We derived an algorithm and formulae for selected structures

Minimum density 38

sparsest
cut



• Complete:

• Star:

• Path:

• Ring:

• l-nearest 
neighbours:

Minimum density for selected topologies 39



• Consider N = 30 chaotic relay systems               , with

• These systems are σ-QUAD with 

• ||Q||2 = 100.063,    ||M||∞ = 4.

Example: back to relay systems 40



• Coupling protocol:        Γ = Γd = I; 
Diffusive layer:             λ2(L) = 1; 
Discontinuous layer:    δ𝒢 d = 1.290. 

• c* = ||Q||2 / λ2(L) = 100.063, cd
* = ||M||∞ / δ𝒢 d = 3.102.

Numerical validation 41

c = 0.1 < c*,    cd = 0.001 < cd
* c = 101 > c*,    cd = 3.2 > cd

*



• Still a conservative result but..

• ..the structural nature of the sufficient conditions we
obtained can be exploited to evaluate the effect on 
synchronization of structural changes in the network

• ..and its multiplex structure gives us additional degrees of 
freedom to enhance convergence

Remarks 42



• Resilience: how does cd
*

change when links 
are removed?

a) Remove 4 blue & 4 red.

b) Remove 8 green.

• δ𝒢 d,a > δ𝒢 d,b

(a better than b).
So here inter-cluster 
links are more 
important to have 
a low threshold cd

*

Resilience to faults 43



• Consider N = 10 chaotic Sprott circuits, with 

• f is σ-QUAD with

Varying the multiplex layer structure 44



• N = 10 Sprott circuits;
L: 3-nearest-neighbours;
Ld: variable.

• Different synchronizability
regions with different 
multiplex structures

Varying the upper layer structure 45



• Our convergence results
give very conservative 
estimates of the region 
where synchronization
is attained

• We need better conditions
to capture the sophisticated link between the multiplex 
nature of the coupling layers and the synchronizability of 
the network

A pressing open problem 46



4. Concluding remarks



• We focussed on the problem of finding sufficient conditions
for global convergence in networks of dynamical systems
with discontinuous vector fields

• We saw a set of different conditions on the agent 
dynamics, the coupling protocol and the network structure

• Common to all was the assumption that the agent vector
field was QUAD, QUAD-affine or σ-QUAD

• We saw that a multiplex coupling strategy can be effective 
to achieve global asymptotic convergence..

• ..with conditions that can be nicely related to structural 
properties of the coupling layers

Conclusions 48



• Still the conditions are not always easy to apply

• They are very conservative and fail to capture the intricate 
link between the structure of the coupling layers and regions
of stability

• As for networks of smooth systems maybe the goal is not to 
prove asymptotic stability of the network towards the 
synchronization manifold..

• ..but to prove incremental
stability of the agent 
trajectories

Open problems and challenges 49
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instance [70]), in which f 1 x , t 2 5 0, edge snapping can 
be used as a viable method to build topologies well-
suited to quickly synchronize integrators with given 
initial conditions. 

These features are not significantly affected by the 
height of the potential barrier b or by the damping 
 parameter b. Nonetheless, these parameters can be 
used to tune the other topological properties. For in-
stance, given the network initial conditions, the barrier 
b can be used to increase the sparseness of the topol-
ogy, while preserving network synchronizability. As an 
example, we show the effect of the increase of the bar-
rier in a network of 30 Lorenz oscillators. In this case 
we consider a random network with average degree 5. 
As illustrated in Figure 8, as the barrier is increased 
from 1 to 10, the percentage of active nodes reduces 
from the 87.5% (Fig. 8(a)) to the 78% (Fig. 8(c)). 

NetEvo
Using NetEvo and the dynamical order parameter per-
formance measure, we see yet more features emerging in 
the resultant topologies. Some representative examples 
can be found in Fig. 9. For comparison, Fig. 9(a) shows a 
network evolved using the topological eigenratio perfor-
mance measure. This has what is termed an “entangled” 
structure with a low diameter and narrow betweenness 
and degree distributions. 

Of these evolved topologies it is clear to see two 
main groups. The first consists of our eigenratio evolved 
network and the order parameter evolved network for 
Rössler dynamics and a fixed coupling of ŝ 5 0.6, shown 
in Fig. 9(a) and 9(b) respectively. Both these topologies 
show a convergence in statistical properties towards 
very homogeneous features and display high levels of 
synchronization. The fixed coupling strength ŝ 5 0.6 falls 

stability is intended as a property of trajectories and not as 

a property of some invariant set. From a qualitative view-

point, a contraction region is a convex open set in phase 

space, where all the trajectories converge towards each 

other. A system is said to be contracting if the contraction 

region coincides with the whole state space. Formally, a 

system is said to be contracting if there exist some matrix 

measure for system Jacobian which is uniformly negative 

definite, see [62, 89]. From the methodological viewpoint, 

two main approaches are used to study network conver-

gence via contraction. Specifically: 

a first idea is to use the concept of • partial contraction 

discussed in  [104]. Basically, given a smooth  nonlinear 

n -dimensional system of the form x
#
5 f 1x, x, t 2 , assume 

that the auxiliary system y
#
5 f 1y, x, t 2  is contracting 

with respect to y. If a particular solution of the auxiliary 

y-system verifies a smooth specific property, then all 

trajectories of the original x-system verify this property 

exponentially. The original system is said to be partially 

contracting. Indeed, the virtual y-system has two par-

ticular solutions, namely y 1t 2 5 x 1t 2  for all t $ 0 and 

the particular solution with the specific property. Since 

all trajectories of the y-system converge exponentially 

to a single trajectory, this implies that x 1t 2  verifies the 

specific property exponentially. The specific property 

above may be e.g. a relationship between state variables, 

or simply a particular trajectory. In the case of network 

synchronization, such a relationship is y15 c5 yN. 

a geometric approach, which allows to study also • 

cluster synchronization, is presented in [76]. Here, 

contraction is proved only for some directions in 

phase space. Specifically, consider the linear invariant 

subspace of (1), M. Let V be an orthonormal matrix 

spanning the null of M. Then, the trajectories trans-

versal to the invariant subspace globally exponentially 

contract towards M if the matrix VJV 
T is contracting. 

In network synchronization problems, the subspace M 

can be chosen as x15 c5 xN.

Linking Stability Tools 

In [30] it is shown that when the nodes’ dynamics are QUAD 

within a certain range of parameters, then it is equivalent 

to contraction. Similarly, in [83] it is shown that if network 

dynamics are contracting towards the synchronization man-

ifold, then the MSF is negative.

Figure 10. A schematic representation of trajec-
tories  inside the contraction region, C. In such a 
region, any two trajectories, i.e. x1 1t 2 , x2 1t 2 , having 
initial conditions, i.e. x1 1t0 2 , x2 1t0 2 , belonging to C 
converge towards each other.

x1 (t0 )
x1 (t)

x2 (t0 ) x2 (t)

C
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Extending contraction theory to PWSS 51

• A separate route we took was to extend contraction theory to 
PWS systems (this is another talk J)

Incremental stability and Contraction Theory

Contraction theory has been shown to be a useful approach to prove incremental
stability properties of a system.

Definition
A continuously differentiable system ẋ = f (x) is said to be contracting in a subset
C ✓ Rn if there exists some norm, with associated matrix measure µ, such that

µ

✓
@f
@x

(x)
◆

 �c, c > 0 8x 2 C, 8t � t0

If a system is contracting then it is incrementally exponentially stable.

Problem: Most of the available analysis results assumes continuous
differentiability of the system vector field.
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Differential analysis

• In many control problems it is fundamental to study the 
convergence between two trajectories.

• For example:
• Observers design
• Tracking
• Regulation
• Synchronization

• Contraction theory exploits stability of the linearized 
dynamics to infer incremental stability of the nonlinear 
system.
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Contraction analysis

• A continuously differentiable nonlinear system is 
contracting in a forward-invariant set       if there exists a 
norm with associated matrix measure          such that

where                is the convergence rate.

• Contraction implies incremental exponential stability

[1] Lohmiller, Slotine – “On contraction analysis for nonlinear systems”, Automatica (1998)
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• Theorem: A bimodal nonlinear switched system is 
incrementally exponentially stable if there exists a norm 
with associated matrix measure such that

• The proof is obtained by evaluating                    and taking 
the limit for

[1] Fiore, Hogan, di Bernardo – “Contraction analysis of  switched systems via regularization”. Automatica
(2016) – in press
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D. Fiore, S. J. Hogan, M. di Bernardo, “Contraction analysis of switched systems via regularisation”, Automatica, vol. 73, pp. 
279–288, 2016

http://www.sciencedirect.com/science/article/pii/S0005109816302552


• PWA systems

• Our conditions become

• Using Euclidian norm 

[1] Pavlov et al. – “On convergence properties of  piecewise affine systems”.  International Journal of  Control (2007)
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“entrainment”
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• Relay feedback systems

• Our conditions become

• Using Euclidean norm
they become the same as 
those from the well-known 
Kalman-Yakubovich Lemma



Thank you for your attention.
https://sites.google.com/site/dibernardogroup/

Pietro De LellisMario Coraggio Davide LiuzzaS. John Hogan


