QUANTUM TRAJECTORIES, STATE DIFFUSION AND TIME
ASYMMETRIC EVENTUM MECHANICS
V P BELAVKIN
Abstract. We show that the quantum stochastic Langevin model for continuous in time measurements provides an exact formulation of the Heisenberg
uncertainty error-disturbance principle. Moreover, as it was shown in the 80’s,
this Markov model induces all stochastic linear and non-linear equations of the
phenomenological "quantum trajectories" such as quantum state di¤usion and
spontaneous localization by a simple quantum …ltering method. Here we prove
that the quantum Langevin equation is equivalent to a Dirac type boundaryvalue problem for the second-quantized input ”o¤er waves from future” in one
extra dimension, and to a reduction of the algebra of the consistent histories
of past events to an Abelian subalgebra for the “trajectories of the output
particles”. This result supports the wave-particle duality in the form of the
thesis of Eventum Mechanics that everything in the future is constituted by
quantized waves, everything in the past by trajectories of the recorded particles. We demonstrate how this time arrow can be derived from the principle
of quantum causality for nondemolition continuous in time measurements.

1. Introduction
Quantum mechanics itself, whatever its interpretation, does not account for the transition from ‘possible to the actual’ - Heisenberg.
Schrödinger believed that all problems of interpretation of quantum mechanics
including the above problem for time arrow should be formulated in continuous time
in the form of di¤erential equations. He thought that the quantum jump problem
would have been resolved if quantum mechanics had been made consistent with
relativity theory of events and the time had been treated appropriately as a future
– past boundary value problem of a microscopic information dynamics. However
Einstein and Heisenberg did not believe this, each for his own reasons.
Although Schrödinger did not succeed in …nding the ‘true Schrödinger equation’
so he could formulate the boundary value problem for such ‘eventum mechanics’,
the analysis of the phenomenological stochastic models for quantum di¤usions and
spontaneous jumps proves that Schrödinger was right. We shall see that there exists indeed a boundary value problem for the ‘true Schrödinger equation’ which
corresponds to quantum jumps and di¤usive trajectories which is as continuous as
Schrödinger could have wished, but it is not the usual Schrödinger, but an ultrarelativistic (massless) Dirac type boundary value problem in second quantization.
However Heisenberg was also right, as in order to take into account for these transitions by …ltering the actual past events simply as it is done in classical statistics,
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the corresponding Dirac type boundary value problem must be supplemented by
future-past superselection rule for the total algebra as it follows from the nondemolition causality principle [1]. This principle demands the arrow of time, and it
cannot be formulated in the orthodox quantum mechanics as it involves in…nitely
many degrees of freedom, and is yet unknown even in the quantum …eld theory.
Here we shall deal with quantum white noise models which allow us to formulate
the most general stochastic decoherence equation which was derived in [49] from the
unitary quantum Langevin equation. We shall start with a simple quantum noise
model and show that it allows us to prove the ‘true Heisenberg principle’in the form
of an uncertainty relation for measurement errors and dynamical perturbations.
The discovery of quantum thermal noise and its white-noise approximations lead
to a profound revolution not only in modern physics but also in contemporary
mathematics comparable with the discovery of di¤erential calculus by Newton (for
a feature exposition of this, accessible for physicists, see [21], the complete theory,
which was mainly developed in the 80’s [3, 22, 23, 24], is sketched in the Appendix)
Then we formulate the corresponding boundary value problem of the Eventum
Mechanics - the extended quantum mechanics with a superselection causality rule
in which there is a place for microscopic events and trajectories. The dynamics of
this event-enhanced quantum mechanics is described by a one-parametric group of
unitary propagators on an extended Hilbert space, as in the conventional quantum
mechanics, however it is essentially irreversible, as the induced Heisenberg dynamics
forms only a semigroup of invertible endomorphisms (but not of automorphisms!)
in the positive arrow of time chosen by the causality.
During the 90’s many “primary” quantum theories appeared in the theoretical
and applied physics literature, in particular, the quantum state di¤usion theory
[12, 13], where a particular type of the nonlinear quantum …ltering stochastic equation have been used without even a reference to the continuous measurements.
The recent phenomenological models for quantum trajectories in quantum optics
[14, 15, 16, 17, 19, 18] are also based on the stochastic solutions to quantum jump
equations, although the underlying boundary value problems of eventum mechanics and the corresponding quantum stochastic …ltering equations of mathematical
physics remain largely unknown in the general physics. An exception occurred only
in [19, 20], where our quantum stochastic …ltering theory which had been developed for these purposes in the 80’s, was well understood both at a macroscopic and
microscopic level. We complete this paper by formulating and discussing the basic
principles of the eventum mechanics as microscopic time asymmetric information
dynamics, which may include also classical mechanics, and which is consistent with
the quantum decoherence and quantum measurement.
2. The true Heisenberg principle
The …rst time-continuous model of the dynamical quantum measurement [3] was
motivated by analogy with the classical stochastic …ltering problem which obtains
the prediction of the future for an unobservable dynamical process x (t) by timecontinuous measuring of another, observable process y (t). Such problems were …rst
considered by Wiener and Kolmogorov who found the solutions in the form of a
causal spectral …lter for a linear estimate x
^ (t) of x (t) which is optimal only in
the stationary Gaussian case. The complete solution of this problem was obtained
by Stratonovich [28] in 1958 who derived a stochastic …ltering equation giving the
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posterior expectations x
^ (t) of x (t) in the arbitrary Markovian pair (x; y). This
was really a break through in the statistics of stochastic processes which soon
found many applications, in particular for solving the problems of stochastic control
under incomplete information (it is possible that this was one of the reasons why
the Russians were so successful in launching the rockets to the Moon and other
planets of the Solar system in 60s).
If X (t) is an unobservable Heisenberg process, or vector of such processes Xk (t),
k = 1; : : : ; d which might even have no prior trajectories as the Heisenberg coordinate processes of a quantum particle say, and Y (t) is an actual observable quantum
processes, i.e. a sort of Bell’s beable describing the vector trajectory y (t) of the
particle in a cloud chamber say, why don’t we …nd the posterior trajectories by
deriving and solving a …ltering equation for the posterior expectations x
^ (t) of X (t)
t]
or any other function of X (t), de…ning the posterior trajectories x t; y0 in the
same way as we do it in the classical case? If we had a dynamical model in which
such beables existed as a nondemolition process, we could solve this problem simply
by conditioning as the statistical inference problem, predicting the future knowing
a history, i.e. a particular trajectory y (r) up to the time t. This problem was
…rst considered and solved by …nding a nontrivial quantum stochastic model for
the Markovian Gaussian pair (X; Y ). It corresponds to a quantum open linear system with linear output channel, in particular for a quantum oscillator matched to
a quantum transmission line [3, 4]. By studying this example, the nondemolition
condition
[Xk (s) ; Y (r)] = 0;
[Y (s) ; Y (r)] = 0 8r s
was …rst found, and this allowed the solution in the form of the causal equation for
t]
x t; y0 = hX (t)iyt] .
0
Let us describe this exact dynamical model of the causal nondemolition measurement …rst in terms of quantum white noise for a quantum nonrelativistic particle
of mass m which is conservative if not observed, in a potential …eld . But we shall
assume that this particle is under a time continuous indirect observation which
is realized by measuring of its Heisenberg position operators Qk (t) with additive
random errors ek (t) :
Y k (t) = Qk (t) + ek (t) ;

k = 1; : : : ; d:

We take the simplest statistical model for the error process e (t), the white noise
model (the worst, completely chaotic error), assuming that it is a classical Gaussian
white noise given by the …rst momenta
ek (t) = 0;

ek (s) el (r) =

2
e

(s

r)

k
l:

The components of measurement vector-process Y (t) should be commutative, satisfying the causal nondemolition condition with respect to the noncommutative
process Q (t) (and any other Heisenberg operator-process of the particle), this can
be achieved by perturbing the particle Newton-Ehrenfest equation:
d2
Q (t) + r (Q (t)) = f (t) :
dt2
Here f (t) is vector-process of Langevin forces fk perturbing the dynamics due to
the measurement, which are also assumed to be independent classical white noises
m

hfk (t)i = 0;

hfk (s) fl (r)i =

2
f

(s

r)

k
l:
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In classical measurement and …ltering theory the white noises e (t) ; f (t) are usually
considered independent, and the intensities 2e and 2f can be arbitrary, even zeros,
corresponding to the ideal case of the direct unperturbing observation of the particle trajectory Q (t). However in quantum theory corresponding to the standard
commutation relations
d
1
Q (0) = Q;
Q (0) = P;
Qk ; Pl = i~ kl I
dt
m
the particle trajectories do not exist such that the measurement error e (t) and
perturbation force f (t) should satisfy a sort of uncertainty relation. This “true
Heisenberg principle” had never been mathematically proved before the discovery
[3] of quantum causality in the form of nondemolition condition of commutativity
of Q (s), as well as any other process, the momentum P (t) = mQ_ (t) say, with all
Y (r) for r s. As we showed …rst in the linear case [3, 4], and later even in the
most general case [27], these conditions are ful…lled if and only if e (t) and f (t)
satisfy the canonical commutation relations
~
(r s) kl ; [fk (r) ; fl (s)] = 0:
ek (r) ; el (s) = 0; ek (r) ; fl (s) =
i
From this it follows that the pair (e; f ) satisfy the uncertainty relation e f ~=2.
This inequality constitutes the precise formulation of the true Heisenberg principle
for the square roots e and f of the intensities of error e and perturbation f : they
are inversely proportional with the same coe¢ cient of proportionality, ~=2, as for
the pair (Q; P). Note that the canonical pair (e; f ) called quantum white noise cannot be considered classically, despite the fact that each process e and f separately
can. This is why we need a quantum-…eld representation for the pair (e; f ), and the
corresponding quantum stochastic calculus. Thus, a generalized matrix mechanics
for the treatment of quantum open systems under continuous nondemolition observation and the true Heisenberg principle was discovered 20 years ago only after
the invention of quantum white noise in [3]. The nondemolition commutativity of
Y (t) with respect to the Heisenberg operators of the open quantum system was
later rediscovered for the output of quantum stochastic …elds in [23].
Let us outline the rigorous quantum stochastic model [5, 27] for a quantum
particle of mass m in a potential
under indirect observation of the positions
Qk (t) by continual measuring of continuous integral output processes Ykt . We will
de…ne the output processes Ykt as a quantum stochastic Heisenberg transformation
y
Ykt = W (t) (I y^kt ) W (t) of the standard independent Wiener processes ykt = wkt ,
k = 1; : : : ; d, represented in Fock space F0 as the operators y^kt = Ak (t) + A+
k (t)
w
^kt on the Fock vacuum vector ? 2 F0 such that wkt ' w
^kt ? (See the notations
and more about the quantum stochastic calculus in Fock space in the Appendix
3). It has been shown in [5, 27] that as such W (t) one can take a time-continuous
quantum stochastic unitary evolution resolving an appropriate quantum stochastic
Schrödinger equation (See the equation (2.3) below). It induces Ykt as the integrals
of the following quantum stochastic output equations
(2.1)

dYkt = Qk (t) dt + dw
^kt ;
y

Here Qk (t) are the system Heisenberg operators X (t) = W (t) (X I0 ) W (t) for
1
X = Qk corresponding the system position operators as Qk = (2 k ) Qk , where
k are coupling constants de…ning in general di¤erent accuracies of an indirect
measurement in time of Qk , I0 is the identity operator in the Fock space F0 . This
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model coincides with the signal plus noise model given above with ek (t) being
1
independent white noises of intensities squaring ke = (2 k ) , represented as
1 +
^kt
1 dw
ak + ak (t) =
;
2
2 k dt

ek (t) =

k
where a+
k (t) ; a (t) are the canonical Bosonic creation and annihilation …eld operators,
k
l

+
+
k
a+
k (s) ; al (t) = 0; a (s) ; al (t) =

s) ; ak (s) ; al (t) = 0;

(t

de…ned as the generalized derivatives of the standard quantum Brownian motions
k
t
A+
k (t) and A (t) in Fock space F0 . It was proved in [5, 27] that Yk is a commutative nondemolition process with respect to the system Heisenberg coordinate
y
y
Q (t) = W (t) (Q I) W (t) and momentum P (t) = W (t) (P I) W (t) processes
2
if they are perturbed by independent Langevin forces fk (t) of intensity 2f = ( k ~) ,
the generalized derivatives of fkt , where fkt = i k ~ Ak A+
k (t):
d k
Q (t) :
dt
Note that the quantum error operators etk = w
^kt commute, but they do not commute with the perturbing quantum force operators fkt in Fock space due to the
multiplication table
(2.2)

dPk (t) +

2

(dek ) = Idt;

0
k

(Q (t)) dt = dfkt ;

dfk del = i~

l
k I k dt;

Pk (t) = m

dek dfl =

i~ l I

2

k
l dt;

(dfk ) = ~2

2
k Idt.

This corresponds to the canonical commutation relations for their generalized derivatives ek (t) of normalized intensity 2e = 1 and fk (t), so that the true Heisenberg
principle is ful…lled at the boundary e f = ~ k . Thus our quantum stochastic
model of nondemolition observation is the minimal perturbation model for the given
accuracies k of the continual indirect measurement of the position operators Qk (t)
(the perturbations vanish when k = 0).
2.0.1. Quantum state di¤ usion and …ltering. Let us introduce the quantum stochastic wave equation for the unitary transformation 0 (t) = W (t) 0 inducing
Heisenberg dynamics which is described by the quantum Langevin equation (2.2)
with white noise perturbation in terms. This equation is well understood in terms
of the generalized derivatives
fk (t) =

k

~ +
a
i k

ak (t) =

dfkt
dt

k
of the standard quantum Brownian motions A+
k (t) and A (t) de…ned by the commutation relations
+
+
k
A+
k (s) ; Al (t) = 0; A (s) ; Al (t) = (t ^ s)

in Fock space F0 (t ^ s = min fs; tg).
di¤erential equation
(2.3)

d

0

(t) + (K

I)

0

k
l;

The corresponding quantum stochastic

i
Qk dfkt 0 (t) ;
~
F0 is a particular case

(t) dt =

for the probability amplitude in h
Lk y =

Ak (s) ; Al (t) = 0

Lk+ ;

k

Lk+ = ( Q)

Lk

0

(0) =

0
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of the general quantum di¤usion wave equation
d

0

(t) + (K

I)

0

(t) dt = Lk+

dA+
k + Lk

dAk (t)

0

(t)

which describes the unitary evolution in h F0 if K = ~i H 21 Lk Lk+ , where Hy = H
is the evolution Hamiltonian for the system in h. Using the quantum Itô formula,
see the Appendix 3, it was proven in [5, 27] that it is equivalent to the Langevin
equation
dZ (t)
(2.4)

=

g ZL + Ly Z + Ly ZL
y

+ gZ + L Z

K yZ

ZK (t) dt

ZL (t) dA + gZ + ZL

for any quantum stochastic Heisenberg process
Z t
y
g k (r) dw
Z (t; X; g) = W (t) X exp
^kr
0

Ly Z (t) dA+

1
2
g (r) dr
2

W (t) ;

where g k (t) are a test function for the output process wkt and
y

K (t) = W (t) (K

I) W (t) ;

y

Lk (t) = W (t)

Lk

I W (t) :
y

The Langevin equation (2.2) for the system coordinate Q (t) = W (t) (Q I) W (t)
corresponding to X = Q, g = 0 with the generating exponent Y (t; g) = Z (t; I; g)
y
^kt ) W (t) corresponding to X = I follow
for the output processes Ykt = W (t) (I w
straightforward in the case L = Q, H = P2 =2m + (Q).
In the next section we shall show that this unitary evolution is the interaction
picture for a unitary group evolution U t corresponding to a Dirac type boundary value problem for a generalized Schrödinger equation in an extended product
Hilbert space h G. Here we prove that the quantum stochastic evolution (2.3) in
h F0 coincides with the quantum state di¤usion in h if it is considered only for
the initial product states
? with ? being the Fock vacuum state vector in
F0 .
Quantum state di¤ usion is a nonlinear, nonunitary, irreversible stochastic form
of quantum mechanics with classical histories, called sometimes also quantum mechanics with trajectories. It was put forward by Gisin and Percival [12, 13] in the
early 90’s as a new, primary quantum theory which includes the di¤usive reduction process into the wave equation for pure quantum states. It has been criticized,
quite rightly, as an incomplete theory which does not satisfy the linear superposition
principle for the waves, and for not explaining the origin of irreversible dissipativity which is build into the equation ‘by hands’. In fact the ‘primary’equation had
been derived even earlier as the posterior state di¤usion equation for pure states
(!) = k (!)k from the linear unitary quantum di¤usion equation (2.3) by
! =
the following method as a particular type of the general quantum …ltering equation
in [5, 29, 33]. Here we shall show only how to derive the corresponding stochastic
linear decoherence equation {??) for (t; w) = V (t; w) when all the independent
increment processes ykt are of the di¤usive type ykt = wkt :
(2.5)

d (t; !) +

i
1
H + Qk
~
2

2 k
kQ

k

(t; !) dt = ( Q)

(t; !) dwkt :

Note that the resolving stochastic propagator V (t; !) for this equation de…nes the
isometries
Z
y
y
V (t) V (t) = V (t; !) V (t; !) d = 1
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of the system Hilbert space h into the Wiener Hilbert space L2 of square integrable
functionals of the di¤usive trajectories ! = fw (t)g with respect to the standard
Gaussian measure = Pw if K + Ky = Ly L.
Let us represent these Wiener processes in the equation by operators etk = A+
k +
k
A on the Fock space vacuum ? using the unitary equivalence wkt ' etk ? in the
notation explained in the Appendix 3. Then the corresponding quantum stochastic
equation
k

d ^ (t) + K ^ (t) dt = ( Q) detk ^ (t) ;

^ (0) =

2h

?;

coincides with the quantum di¤usion Schrödinger equation (2.3) on the same initial
product-states 0 =
? . Indeed, as it was noted in [27], due to the adaptedness
^ (t) = ^ t

?;

0

t
0

(t) =

?

both right had sides of these equations coincide on future vacuum
k

( Q) detk ^ (t)

=

y
k
Lk dA+
k + Lk dA

^

t
?

= Lk ^

?

t

t
if ^ =

dA+
k

t
0

as

?

i k t
t
k t
Q dfk 0 (t) = Lk dA+
Lk dAk
dA+
? =L
0
0
k
k ?
~
(the annihilation processes Ak are zero on the vacuum ? ). By virtue of the
0
coincidence of the initial data ^ =
= 00 this proves that ^ (t) is also the
solution 0 (t) = W (t) (
? ) of (2.3) for all t > 0:
i
Qk dfkt ^ (t) ; ^ (0) =
2 h:
?;
~
Note that the latter equation can be written as a classical stochastic Schrödinger
equation
d ^ (t) + K ^ (t) dt =

d ~ (t; ) +

(2.6)

1
i
H + Qk
~
2

2 k
kQ

~ (t; ) dt = i Qk
~

dutk ~ (t; )

for the Fourier-Wiener transform ~ ( ) of (!) in terms of another Wiener processes
utk having Fock space representations fkt ? . The stochastic unitary propagator
W (t; ) resolving this equation on another probability space of = fu (t)g is given
by the corresponding transformation W = V~ of the nonunitary stochastic propagator V (t; !) for the equation (2.5).
Thus the stochastic decoherence equation (2.5) for the continuous observation
1
of the position of a quantum particle with H = 2m
P2 + (Q) was derived for the
unitary quantum stochastic evolution as an example of the general decoherence
equation (??) which was obtained in this way in [5]. It was explicitly solved in
[5, 29, 33] for the case of linear and quadratic potentials , and it was shown that
this solution coincides with the optimal quantum linear …ltering solution obtained
earlier in [3, 4] if the initial wave packet is Gaussian.
The nonlinear stochastic posterior equation for this particular case was derived
independently by Diosi [6] and (as an example) in [5, 29]. It has the following form
d

w

(t) +

i
1 ek
H+ Q
(t)
~
2

2 ek
kQ

(t)

w

(t) dt =

ek
kQ

(t)

w

(t) dw
~kt ;

e (t) = Q q^ (t) with q^k (t) de…ned as the multiplication operators by the
where Q
components q k (t; w) = yw (t) Qk (t) w (t) of the posterior expectation (statistical
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prediction) of the coordinate Q, and
dw
~kt = dwkt

k

2 ( q^) (t) dt = dykt

x
^k (t) dt;

k

x
^k (t) = 2 ( q^) (t) :

Note that the innovating output processes w
~kt are also standard Wiener processes
with respect to the output probability measure d~ = lim Pr (t; d!), but not with
respect to the Wiener probability measure = Pr (0; d!) for the input noise wkt .
Let us give the explicit solution of this stochastic wave equation for the free
particle ( = 0) in one dimension and the stationary Gaussian initial wave packet
which was found in [5, 29, 33]. One can show [34, 35] that the nondemolition
observation of such particle is described by …ltering of quantum noise which results
in the continual collapse of any wave packet to the Gaussian stationary one centered
2
at the posterior expectation q (t; w) with …nite dispersion k(^
q (t) Q) ! (t)k !
1=2
2 (~=m) . This center can be found from the linear Newton equation
d
d2
z (t) + 2
z (t) + 2 2 z (t) = g (t) ;
dt2
dt
for the deviation process z (t) = q (t) x (t), where x (t) is an expected trajectory
of the output process (2.1) with z (0) = q0 x (0), z 0 (0) = v0 x0 (0). Here
1=2
= (~=m)
is the decay rate which is also the frequency of e¤ective oscillations,
q0 = h^
xi, v0 = h^
p=mi are the initial expectations and g (t) = x00 (t) is the e¤ective
gravitation for the particle in the moving framework of x (t). The solution to
the above equation illustrate the continuous collapse z (t) ! 0 of the posterior
trajectory q (t) towards a linear trajectory x (t). The posterior position expectation
q (t) in the absence of e¤ective gravitation, x00 (t) = 0, for the linear trajectory
x (t) = ut q collapses to the expected input trajectory x (t) with the rate =
1=2
(~=m) , remaining not collapsed, q0 (t) = v0 t in the framework where q0 = 0,
only in the classical limit ~=m ! 0 or absence of observation = 0. This is the
graph of
q0 (t) = v0 t;

q (t) = ut + e

t

q cos t + q +

1

(v0

u) sin t

q

obtained as q (t) = x (t)+z (t) by explicit solving of the second order linear equation
for z (t).
3. The eventum mechanics realization
Finally, let us describe the Eventum Mechanics underlying all quantum di¤usion
and more general quantum noise Langevin models of information dynamics. We
shall see that all such phenomenological models exactly correspond to Dirac type
boundary value problems for a Poisson ‡ow of independent quantum particles interacting with the quantum system under the observation at the boundary r = 0
of the half line R+ in an additional dimension. The second-quantized massless
Dirac equation (3.1) with corresponding boundary condition (3.2), together with
the quantum causality (or nondemolition) superselection rule, is the essence of the
Eventum Mechanics, the new, extended quantum mechanics in which there is a
place for the phenomenological events such as quantum trajectories and spontaneous localizations. One can think of the coordinate r > 0 being perpendicular to
the quantum target membrane of a scattering measuring device, or an extra dimension coordinate as a physical realization of localizable time in our m-brane universe.
At least it is so for any free evolution Hamiltonian " (p) > 0 of the incoming quantum particles in the ultrarelativistic limit hpi ! 1 such that the average velocity
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in an initial state is a …nite constant, c = h"0 (p)i ! 1 say, see in details on this
limit of an idealized rigid boundary measurement schemes in [37, 38, 39]. Thus we
are going to solve the following problem of the derivation of time continuous information dynamics as the microscopic foundation problem for quantum trajectories,
individual decoherence, state di¤usion, or permanent reduction theories:
The dynamical quantum measurement problem.
t]
Let V (t; !) = V t; w0 ; t 2 R+ be a reduction family of isometries on h into
h L2 resolving the state di¤ usion equation (2.5) with respect to the input probability
measure = Pw for the standard Wiener noises wkt , de…ning the classical means
h
i Z
y
t]
t]
t]
y
M gV (t) BV (t) = g w0 V t; w0 BV t; w0 dPw :

Find a triple (G; A; ) consisting of a Hilbert space G = G
G+ embedding the
A+ on G
Wiener Hilbert space L2 by an isometry into G+ , an algebra A = A
0]

with an Abelian subalgebra A generated by a compatible continuous family Y 1 =
fYks ; k = 1; : : : ; d; s 0g of observables on G , and a state-vector
=
+ 2
G such that there exists a time continuous unitary group U t on H =h G, inducing
a semigroup of endomorphisms B 3 B 7! U t BU t 2 B, which represents this
reduction on the product algebra B =B (h) A as
h
i
y
M gV (t) BV (t) = t (^
g t B) :
Here

t

is the quantum conditional expectation
t

(^
g

t

B) = (I

y

) U

t

B

g

t

Y

0]
t

U t (I

);

which provides the dynamical realization of the reduction as the statistically causal
inference about any B 2 B (h) with respect to the algebra A of the functionals
0]
0]
g^ t = g t Y t of Y t = fY s : s 2 ( t; 0]g, all commuting on G, representing
0]

t]

t]

the shifted measurable functionals g t y t = g y0 of y0 = fy r : r 2 (0; t]g for
each t > 0 in the center C of the algebra B.
Solution: We have already dilated the state di¤usion equation (2.5) to a quantum stochastic unitary evolution W (t) resolving the quantum stochastic Schrödinger
equation (2.3) on the system Hilbert h tensored with the Fock spaceF0 such that
W (t) (I
? ) = V (t), where ? 2 F0 is the Fock vacuum vector. In fact the
state di¤usion equation was …rst derived [5, 29] in this way from even more general
quantum stochastic unitary evolution which satisfy the equation
h
i
t]
y
y
y
(I
B g w
^0
W (t) (I
? ) = M gV (t) BV (t) :
? ) W (t)
Indeed, this equation is satis…ed for the model (2.3) as one can easily check for
Z t
1
t]
2
f k (r) dwkr
f (r) dr
g w0 = exp
2
0

given by a test vector function f by conditioning the Langevin equation (2.4) with
respect to the vacuum vector ? :
(I

y
?)

dX + K y X + XK

Ly XL

XL + Ly X f dt (I

?)

= 0:
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Obviously this equation coincides with the conditional expectation
M dB (t) + Ky B (t) + B (t) K

Ly B (t) L

B (t) L + Ly B (t) f (t) dt = 0

y

for the stochastic process B (t) = V (t) gXV (t) which satis…es the stochastic Itô
equation
dB +gV y Ky X + XK

Ly XL

XL + Ly X f V dt = gV y Ly X + XL + X V dwt :

This however doesn’t give yet the complete solution of the quantum measurement
problem as formulated above because the algebra B0 generated by B I and the
Langevin forces f^kt does not contain the measurement processes w
^kt which do not
t
^
commute with fk , and the unitary family W (t) does not form unitary group but
only cocycle
Tt W (s) T t W (t) = W (s + t) ; 8s; t > 0
with respect to the isometric but not unitary right shift semigroup Tt in F0 .
Let Tt be the one parametric continuous unitary shift group on F 0] F0 extending
the de…nition from F0 . It describes the free evolution by right shifts t (!) =
(! t) in Fock space over the whole line R. Then one can easily …nd the unitary
group
U t = T t I 0 I W (t) Tt
on F0 h F 0] inducing the quantum stochastic evolution as the interaction representation U (t) = Tt U t on the Hilbert space h G0 . In fact this evolution corresponds
to an unphysical coordinate discontinuity problem at the origin s = 0 which is not
invariant under the re‡ection of time t 7! t. Instead, we shall formulate the unitary equivalent boundary value problem in the Poisson space G = G
G+ for two
semi-in…nite strings on R+ , one is the living place for the quantum noise generated
by a Poisson ‡ow of incoming waves of quantum particles of the intensity > 0,
and the other one is for the outgoing classical particles carrying the information
after a unitary interaction with the measured quantum system at the origin r = 0.
The probability amplitudes
2 G are represented by the G = g
g+ -valued
functions ( ; + ) of two in…nite sequences
= f r1 ; r2 ; : : :g
R+ of the
coordinates of the particles in the increasing order r1 < r2 < : : : such that
ZZ
2
2
k k =
k ( ; + )k P (d ) P (d + ) < 1

with respect to the product of two copies of the Poisson probability measure P
de…ned by the constant intensity
> 0 on R+ . Here g is the in…nite tensor
product of g = Cd obtained by the completion of the linear span of 1
:::
2
with almost all multipliers Qn = ' given by a unit vector ' 2 Cd such that the
in…nite product k ( )k = r2 kf (r)k for ( ) = r2 f (r) with f (rn ) = n is
well de…ned as it has all but …nite number of multipliers k n k equal 1. The unitary
transformation z 7! from a Fock space F 3 z to the corresponding Poisson one
G can be written as
= lim e'
t!1

i

A+
i (t)

e

'k Ak (t)

1 i
2 Ai (t)

z

I (') z;

where 'k = 'k for the Poisson intensity > 0 and the unit vector ' = 'i de…ned
by the initial probability amplitude ' 2 g for the auxiliary particles to be in a state
k = 1; : : : ; d: Here A (t) are the QS integrators de…ned in the Appendix, and the
t]
limit is taken on the dense subspace [t>0 F0 of vacuum-adapted Fock functions
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zt 2 F0 and extended then onto F0 by easily proved isometry kzt k = k t k for
t = I (') zt .
The free evolution in G is the left shift for the incoming waves and the right shift
for outgoing waves,
t
Tt ( ; + ) =
; t+ ;
where t = [([(
) [ (+ + )] t) \ R ]. It is given by the second quantization
0
1
X @
~@X @
A ( ; +)
P ( ; +) =
i r2 @r r2 @r
+

of the Dirac Hamiltonian in one dimension on R+ :
In order to formulate the boundary value problem in the space H = h G
corresponding to the quantum stochastic equations of the di¤usive type (2.3) let us
introduce the notation
0k t

= lim (hkj

I1

r&0

I2 : : :)

( r; r1 ; r2 ; : : :) ;

where hkj = d 1=2 k1 ; : : : ; kl acts as the unit bra-vector evaluating the k-th
projection of the state vector ( r t ) with r < r1 < r2 < : : : corresponding to
the nearest to the boundary r = 0 particle in one of the strings on R+ .
The unitary group evolution U t corresponding to the scattering interaction at the
boundary with the continuously measured system which has its own free evolution
described by the energy operator E = Ey can be obtained by resolving the following
generalized Schrödinger equation
@ t
i
(3.1)
( ; + ) = P t (t; ; + ) + G+ t ( ; + ) + Gk t
; 0k t +
@t
~
with the Dirac zero current boundary condition at the origin r = 0
(3.2)

t

0i t

;

+

= Gi+

t

Gik

(
1

;

+)

+ Gik

t

y

; 0k t

+

;

8t > 0;

> 0:

Here G =
is unitary, G
= G , the scattering operator S in the simpler
quantum jump boundary value problem corresponding to G+ = 0 = G , and the
other system operators G , with = ; i and = k; + for any i; k = 1; : : : ; d are
chosen as
i
(3.3)
G + Gy+ G = O; G+ + Gy+ G+ + E = O:
2
~
Note that these conditions can be written as pseudo-unitarity operator of the following triangular block-matrix
2
3 1 2
3 12
3y 2
3
O O I
O O I
I G
G+
I G
G+
4 O G
I O 5 4 O G
I O 5:
G+ 5 = 4 O
G+ 5 4 O
I O O
1 O O
O O
I
O O
I

As it was proved in [24, 25] this is a necessary (and su¢ cient if all operators are
1
y
bounded) condition for the unitarity W (t)
= W (t) of the cocycle solution
resolving the quantum stochastic di¤erential equation
d

0

(t) = (G

I)

0

(t) dA ;

0

(0) =

0

in the Hilbert space H0 = h G0 where G0 is identi…ed with the space G+ = G
L2
for the Poisson measure = P with the intensity on R+ . This is the general form
for the quantum stochastic equation (2.3) where dA+ = dt in the Poisson space (see
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the Appendix for more detail explanations of these notations). Our recent results
partially published in [37, 38, 39] prove that this quantum stochastic evolution
extended as the identity I also on the component G for the scattered particles,
is nothing but the interaction representation U t = T t (I
W (t)) for the unitary
group U t resolving our boundary value problem in h G times the Poisson space
L2 . Thus the pseudounitarity condition (3.3) is necessary (and su¢ cient if the
operators G are bounded) for the self-adjointness of the Dirac type boundary
value problem (3.1), (3.2).
The generators G of this boundary value problem de…ne the generators S
of the corresponding quantum stochastic equation in Fock space by the following
transformation
Si+ =
(3.4)

1=2

Gi+ + Gik 'k

S+ = G+ +

'i Gi+

'i ; Sk =
k

+ Gk ' +

'i Gik

1=2

Gk + 'i Gik

i
kI

k

Sik

' ;

'k

= Gik ;

induced by the canonical transformation I (').
The quantum state di¤usion equation (2.5) for the continuous measurement of
the coordinates Qk corresponds to the particular case (2.2)of the quantum stochastic di¤erential equation in Fock space, with
Si+ =

1=2

Gi+ ;

S+ = G+ +

'i Gi+

1=2

Sk =
k

+ Gk ' ;

Sik

=

Gk
i
k I;

and Gi+ = Qi , Gk = Qk such that all coupling constants k = 1=2 . are equal to
the square root of the ‡ow intensity . The operators Gi+ = 'i Qi and Gk = Qk 'k
corresponding to the di¤erent couplings k can also be obtained from the purely
jump model in the central limit 7! 1 as it was done in [26]. In this case
Si+ =

1=2

(G

i

I)k 'k !

i 'i Qi ;

with 'k = i k = .
And …nally, we have to …nd the operator processes Yks ; s 0 on the Hilbert space
G which reproduce the standard Wiener noises wkt in the state di¤usion when
our dynamical model is conditioned (…ltered) with respect to their nondemolition
measurement. As the candidates let us consider the …eld coordinate processes
k
Xk t = A+
k ( t; 0] + A ( t; 0] = T

t

k
A+
k (0; t] + A (0; t] Tt

which are given by the creation and annihilation processes A+ (t) and A (t) shifted
from G+ . In our Poisson space model of G they have not zero expectations
y

Xk t

=

y

k
A+
k (0; t] + A (0; t]

=2

1=2

t

in the ground state = I (') ? corresponding to the vacuum vector ? in the
Fock space. This state is given as the in…nite tensor product
='
'+ of all
equal probability amplitudes ' = ' = '+ in g = Cd for each sequence
and
t
t
+ . Hence the independent increment processes Yk = Tt Yk T t corresponding to
k
the standard Wiener noises wkt represented in Fock spaces as w
^kt = A+
k (t) + A (t)
t
t
1=2
are the compensated processes Yk = Xk
2
t. This unitary equivalence of
Ykt and w
^kt under the Fock-Poisson transformation I ('), and the deduction given
above of the quantum state di¤usion from the quantum stochastic signal plus noise
model (2.1) for continuous observation in Fock space, completes the solution of the
quantum measurement model in its rigorous formulation.
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4. Conclusion: A quantum message from the future
Recent phenomenological theories of continuous reduction, quantum state di¤usion and quantum trajectories extended the instantaneous projection postulate to
a certain class of continuous-in-time measurements. As was shown here, there is no
need to supplement the usual quantum mechanics with any of such generalized reduction postulate even in the continuous time. They all have been derived from the
time continuous unitary evolution for a generalized Dirac type Schrödinger equation
with a singular scattering interaction at the boundary of our Hamiltonian model,
see the recent review paper [40]. The quantum causality as a new superselection
rule provides a time continuous nondemolition measurement in the extended system which enables to obtain the quantum state di¤usion and quantum trajectories
simply by time continuous conditioning called quantum …ltering. Our nondemolition causality principle, which was explicitly formulated as a causal commutativity
condition in [2, 3], admits to select a continuous di¤usive classical process in the
quantum extended world which satis…es the nondemolition condition with respect
to all future of the measured system. And this allows us to obtain the continuous
trajectories for quantum state di¤usion by simple …ltering of quantum noise exactly
as it was done in the classical statistical nonlinear …ltering and prediction theory. In
this way we derived the quantum state di¤usion of a Gaussian wave packet already
in [2, 3] as the result of the solution of quantum prediction problem by …ltering the
quantum white noise in a quantum stochastic Langevin model for the continuous
observation. Thus the “primary”for the conventional quantum mechanics stochastic nonlinear irreversible quantum state di¤usion appears to be the secondary, as it
should be, to the deterministic linear unitary reversible evolution of the extended
quantum mechanics containing necessarily in…nite number of auxiliary particles.
However quantum causality, which de…nes the arrow of time by selecting what part
of the reversible world is related to the classical past and what is related to the
quantum future, makes the extended mechanics irreversible in terms of the injective semigroup of the invertible Heisenberg transformations induced by the unitary
group evolution for the positive arrow of time. The microscopic information dynamics of this event enhanced quantum mechanics, or Eventum Mechanics, allows
the emergence of the decoherence and the increase of entropy in a purely dynamical
way without any sort of reservoir averaging.
Summarizing, we can formulate the general principles of the Eventum Mechanics
which uni…es the classical and quantum mechanics in such a way that there is no
contradiction between the unitary evolution of the matter waves and the phenomenological information dynamics such as quantum state di¤usion or spontaneous
jumps for the events and the trajectories of the particles. This can be described in
the Schrödinger picture as an extended, non-stochastic unitary evolution quantum
mechanics with causality as a superselection rule making it time asymmetric in
the Heisenberg picture where it is described by endomorphic irreversible quantum
dynamics in the following way:
It is a reversible wave mechanics of the continuous unitary group evolutions
in an in…nite-dimensional Hilbert space
It has conventional interpretation for the normalized Hilbert space vectors
as state-vectors ( probability amplitudes)
However not all operators, e.g. the dynamical generator (Hamiltonian), are
admissible as the potential observables
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Quantum causality is statistical predictability of the quantum states based
on the results of the actual measurements
It implies the choice of time arrow and an initial state which together with
past measurement data de…nes the reality
The actual observables (beables) must be compatible with any operator
representing a potential (future) observable
The Heisenberg dynamics and others symmetries induced by unitary operators should be algebraically endomorphic
However these endomorphisms form only a semigroup on the algebra of all
observables as they may be irreversible.
Note that the classical Hamiltonian mechanics can be also described in this way
by considering only the commutative algebras of the potential observables. Each
such observable is compatible with any other and can be considered as an actual
observable, or beable. However, the Hamiltonian operator, generating a non-trivial
Liouville unitary dynamics in the corresponding Hilbert space, is not an observable, as it doesn’t commute with any observable which is not the integral of motion.
Nevertheless the corresponding Heisenberg dynamics, described by the induced automorphisms of the commutative algebra, is reversible, and pure states, describing
the reality, remain pure, non disturbed by the measurements of its observables.
This is also true in the purely quantum mechanical case, in which the Hamiltonian
is an observable, as there are no events and nontrivial beables in the conventional
quantum mechanics. The only actual observables, which are compatible with any
Hermitian operator as a potential observable, are the constants, i.e. proportional to
the identity operator, as the only operators, commuting with any such observable.
Their measurements do not bring new information and do not disturb the quantum
states. However any non-trivial classical–quantum Hamiltonian interactions cannot
induce a group of the reversible Heisenberg automorphisms but only a semigroup
of irreversible endomorphisms of the decomposable algebra of all potential observables of the composed classical-quantum system. This follows from the simple fact
that any automorphism leaves the center of an operator algebra invariant, and
thus induces the autonomous noninteracting dynamics on the classical part of the
semi-classical system. This is the only reason which is responsible for failure of all
earlier desperate attempts to build the reversible, time symmetric Hamiltonian theory of classical-quantum interaction which would give a dynamical solution of the
quantum decoherence and measurement problem along the line suggested by von
Neumann and Bohr. There is no nontrivial reversible classical-quantum mechanical interaction, but as we have seen, there is a Hamiltonian irreversible interaction
within the time asymmetric Eventum Mechanics..
The unitary solution of the described boundary value problem indeed induces
endomorphic semi-classical Hamiltonian dynamics, and in fact is underlying in any
phenomenological reduction model [40]. Note that although the irreversible Heisenberg endomorphisms of eventum mechanics, induced by the unitary propagators,
are injective, and thus are invertible by completely positive maps, and are not
mixed, they mix the pure states over the center of the algebra. Such mixed states,
which are uniquely represented as the orthogonal mixture over the ‘hidden’ variables (beables), can be …ltered by the measurement of the actual observables, and
this transition from the prior state corresponding to the less de…nite (mixed) reality
to the posterior state, corresponding to a more de…nite (pure) reality by the simple
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inference is not change the reality. This is an explanation, in the pure dynamical
terms of the eventum mechanics, of the emergence of the decoherence and the reductions due to the measurement, which has no explanation in the conventional
classical and quantum mechanics.
Our mathematical formulation of the eventum mechanics as the extended quantum mechanics equipped with the quantum causality to allow events and trajectories in the theory, is just as continuous as Schrödinger could have wished. However, it doesn’t exclude the jumps which only appear in the singular interaction
picture, which are there as a part of the theory, not only of its interpretation.
Although Schrödinger himself didn’t believe in quantum jumps, he tried several
times, although unsuccessfully, to obtain the continuous reduction from a generalized, relativistic, “true Schrödinger”equation. He envisaged that ‘if one introduces
two symmetric systems of waves, which are traveling in opposite directions; one of
them presumably has something to do with the known (or supposed to be known)
state of the system at a later point in time’[41], then it would be possible to derive the ‘verdammte Quantenspringerei’for the opposite wave as a solution of the
future-past boundary value problem. This desire coincides with the “transactional”
attempt of interpretation of quantum mechanics suggested in [42] on the basis that
the relativistic wave equation yields in the nonrelativistic limit two Schrödinger
type equations, one of which is the time reversed version of the usual equation:
‘The state vector of the quantum mechanical formalism is a real physical wave
with spatial extension and it is identical with the initial “o¤er wave” of the transaction. The particle (photon, electron, etc.) and the collapsed state vector are
identical with the completed transaction.’ There was no proof of this conjecture,
and now we know that it is not even possible to derive the quantum state di¤usions, spontaneous jumps and single reductions from models involving only a …nite
particle state vectors (t) satisfying the conventional Schrödinger equation.
Our new approach, based on the exactly solvable boundary value problems for
in…nite particle states described in this paper, resolves the problem formulated by
Schrödinger. And thus it resolves the old problem of interpretation of the quantum
theory, together with its infamous paradoxes, in a constructive way by giving exact
nontrivial models for allowing the mathematical analysis of quantum observation
processes determining the phenomenological coupling constants and the reality underlying these paradoxes. Conceptually it is based upon a new idea of quantum
causality called the nondemolition principle [1] which divides the world into the
classical past, forming the consistent histories, and the quantum future, the state
of which is predictable for each such history.
5. Appendix
5.1. Symbolic Quantum Calculus and Stochastic Di¤erential Equations.
In order to formulate the di¤erential nondemolition causality condition and to derive
a …ltering equation for the posterior states in the time-continuous case we need
quantum stochastic calculus.
The classical di¤erential calculus for the in…nitesimal increments
dx = x (t + dt)

x (t)
2

became generally accepted only after Newton gave a simple algebraic rule (dt) = 0
for the formal computations of the di¤erentials dx for smooth trajectories t 7! x (t).

16

V P BELAVKIN

In the complex plane C of phase space it can be represented by a one-dimensional
algebra = Cdt of the elements a = dt with involution a? = dt . Here
0
0

dt =

1
0

=

1
(
2

x

+i

y)

for dt is the nilpotent matrix, which can be regarded as Hermitian d?t = dt with
respect to the Minkowski metrics (zjz) = 2 Re z z+ in C2 .
This formal rule was generalized to non-smooth paths early in the last century
1=2
in order to include the calculus of forward di¤erentials dw ' (dt)
for continuous
di¤usions wt which have no derivative at any t, and the forward di¤erentials dn 2
f0; 1g for left continuous counting trajectories nt which have zero derivative for
almost all t (except the points of discontinuity where dn = 1). The …rst is usually
done by adding the rules
2

(dw) = dt;

dwdt = 0 = dtdw

in formal computations of continuous trajectories having the …rst order forward
di¤erentials dx = dt + dw with the di¤usive part given by the increments of
standard Brownian paths w. The second can be done by adding the rules
2

(dn) = dn;

dndt = 0 = dtdn

in formal computations of left continuous and smooth for almost all t trajectories
having the forward di¤erentials dx = dt + dm with jumping part given by the
increments of standard compensated Poisson paths mt = nt t. These rules were
developed by Itô [43] into the form of a stochastic calculus.
The linear span of dt and dw forms the Wiener-Itô algebra b = Cdt + Cdw ,
while the linear span of dt and dn forms the Poisson-Itô algebra c = Cdt + Cdm ,
with the second order nilpotent dw = d?w and the idempotent dm = d?m . They are
represented together with dt by the triangular Hermitian matrices
2
3
2
3
2
3
0 0 1
0 1 0
0 1 0
dt = 4 0 0 0 5 ; dw = 4 0 0 1 5 ; dm = 4 0 1 1 5 ;
0 0 0
0 0 0
0 0 0

on the Minkowski space C3 with respect to the inner Minkowski product (zjz) =
z z + z z + z+ z + , where z = z , ( ; ; +) = (+; ; ).
Although both algebras b and c are commutative, the matrix algebra a generated
by b and c on C3 is not:
2
3 2
3
0 1 1
0 0 1
dw dm = 4 0 0 0 5 6= 4 0 0 1 5 = dm dw :
0 0 0
0 0 0
+ Cd+ + Cd of triangular matrices

The four-dimensional ?-algebra a = Cdt + Cd
with the canonical basis
2
3
2
0 1 0
0 0
d = 4 0 0 0 5 ; d+ = 4 0 0
0 0 0
0 0

3
2
0
0
1 5; d = 4 0
0
0

dt ; d+ = dm dw

dt ; d = dm

given by the algebraic combinations
d = dw dm

0
1
0

dw

3
0
0 5;
0
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is the canonical representation of the di¤erential ?-algebra for one-dimensional vacuum noise in the uni…ed quantum stochastic calculus [24, 25]. It realizes the HP
(Hudson-Parthasarathy) table [22]
dA dA+ = dt;

2

dAdA+ = dA+ ;

dA dA = dA ;

(dA) = dA;

with products equal zero for all other pairs, for the multiplication of the canonical
counting dA = (d), creation dA+ = (d+ ), annihilation dA = (d ), and
preservation dt = (dt ) quantum stochastic integrators in Fock space over L2 (R+ ).
As was proved recently in [44], any generalized Itô algebra describing a quantum
noise can be represented in the canonical way as a ?-subalgebra of a quantum
vacuum algebra
dA dA =

dA ;

;

2 f ; 1; : : : ; dg ;

;

2 f1; : : : ; d; +g ;

in the Fock space with several degrees of freedom d, where dA+ = dt and d is restricted by the doubled dimensionality of quantum noise (could be in…nite), similar
to the representation of every semi-classical system with a given state as a subsystem of quantum system with a pure state. Note that in this quantum Itô product
formula
= 0 if = + or = as
6= 0 only when = .
The quantum Itô product gives an explicit form
d
of the term d d

y

+ d

y

y

for the adjoint quantum stochastic di¤erentials

+d d

d =

y

y

=

dA ;

d

y

?

+

=

?

+

?j
ja

dA

dA ;

for evaluation of the product di¤erential
d

y

y

= ( + d )( + d )

y

:

Here ? = y is the quantum Itô involution with respect to the switch ( ; +) =
(+; ), (1; : : : ; d) = (1; : : : ; d), introduced in [24], and the Einstein summation is
always understood over = 1; : : : ; d; +; = ; 1; : : : ; d and k = 1; : : : ; d. This is
the universal Itô product formula which lies in the heart of the general quantum
stochastic calculus [24, 25] unifying the Itô classical stochastic calculi with respect
to the Wiener and Poisson noises and the quantum di¤erential calculi [22, 23] based
on the particular types of quantum Itô algebras for the vacuum or …nite temperature
noises. It was also extended to the form of quantum functional Itô formula and
even for the quantum nonadapted case in [45, 46].
Every stationary classical (real or complex) process xt , t > 0 with x0 = 0 and
independent increments xt+
xt has mean values M [xt ] = t. The compensated
t
t
process y = x
t, which is called noise, has an operator representation x
^t in
2
Fock space F0 the Hilbert space L (R+ ) in the form of the integral with respect
j
i
to basic processes A+
x) ? ' f (x) in terms of the L2 –
j ; A ; Ak such that z = f (^
Fock isomorphism f $ z of the chaos expansions
Z
Z
1 Z
X
f (x) =
z (r1 ; : : : rn ) dy r1
dy rn
z ( ) dy
n=0

0<r1 <:::<rn

h
i
2
of the stochastic functionals f 2 L2 having the …nite second moments M jf j =
2

kzk and the Fock vectors z 2 F0 . The expectations of the Fock operators f (^
x)
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given by the iterated stochastic integrals f coincides on the vacuum state-vector
? 2 F0 with their expectation given by the probability measure :
M [f (x)] = h
t

? jf

(^
x)

?i

= z (?) :

If its di¤erential increments dx form a two dimensional Itô algebra, x
^t can be
represented in the form of a commutative combination of the three basic quantum
stochastic increments A = A00 ; A = A0 ; A+ = A+
0 . The Itô formula for the process
xt given by the quantum stochastic di¤erential
d^
xt = dA +

+
+ dA d

dA +

+

+ dt

can be obtained from the HP product [22]
d^
xt d^
xty =

y

y

dA +

y

dA +

y

dA+ +

dt:

The noises ykt = xtk

increments are called
k t with stationary hindependent
i
2
standard if they have the standard variance M (xt ) = t. In this case
k
k
t
y^kt = A+
k + A + "k Ak (t) = "k mk + (1

"k ) wkt ;

2

where "k 0 is de…ned by the equation (dxtk ) dt = "dxtk . Such, and indeed higher
dimensional, quantum noises for continuous measurements in quantum optics were
considered in [47, 48].
The general form of a quantum stochastic decoherence equation, based on the
canonical representation of the arbitrary Itô algebra for a quantum noise in the
vacuum of d degrees of freedom, can be written as
d ^ (t) = (S
I) dA ^ (t) ; ^ (0) =
2 h:
?;
with S? S+ = 0 for

Here L are the operators in the system Hilbert space h 3
the mean square normalization
h
i
^ (t)y ^ (t) = M (t; )y (t; ) = y

with respect to the vacuum of Fock space of the quantum noise, where the Einstein
summation is understood over all = ; 1; : : : ; d; + with the agreement
S = I = S+
+;

Sj = O = S+
j ;

j = 1; : : : ; d

I=0
and
= 1 for all coinciding ; 2 f ; 1; : : : ; d; +g such that L = S
whenever = + or = . In the notations Sj+ = Lj , S+ = K, Sj = Kj ,
j = 1; : : : ; d the decoherence wave equation takes the standard form [36, 50]
d ^ (t) + Kdt + Kj dAj

^ (t) = Lj dA+ + Si
k
j

i
kI

dAki ^ (t) ;

j
k
where A+
j (t) ; A (t) ; Ai (t) are respectively the canonical creation, annihilation
and exchange processes in Fock space, and the normalization condition is written
as Lk Lk = K + Ky with Lyk = Lk (the Einstein summation is over i; j; k = 1; : : : ; d).
Using the quantum Itô formula one can obtain the corresponding equation for
y
the quantum stochastic density operator %
^ =
which is the particular case
= ; 1; : : : ; d; + of the general quantum stochastic Master equation

d^
% (t) = S %
^ (t) S?

%
^ (t)

dA ;

%
^ (0) = ;

where the summation over = ; k; + is extended to in…nite number of k = 1; 2; : : :.
This general form of the decoherence equation with L? L+ = O corresponding to
the normalization condition h^
% (t)i = Tr in the vacuum mean, was recently derived
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in terms of quantum stochastic completely positive maps in [36, 50]. Denoting
L = K , L?+ = K such that Ky = K , this can be written as
d^
% (t) + K %
^ (t) dA + %
^ (t) K dA+ = Lj %
^ (t) L?j

%
^ (t)

dA ;

ky
or in the notation above, K+ = K; K = Ky , Lk+ = Lk , L?k = Lk , L?i
k = Li as

d^
% (t) + K^
% (t) + %
^ (t) Ky
+ Sjk %
^ (t) Lj

Lj %
^ (t) Lj dt = Sjk %
^ (t) Syi
j

Kk %
^ (t) dAk + Lj %
^ (t) Syi
j

%
^ (t)

i
k

dAki

%
^ (t) Ki dA+
i ;

ky
with K + Ky = Lj Lj , Lj = Lyj , Lyi
k = Li for any number of j’s, and arbitrary
Kj = Kyj , Lik , i; j; k = 1; : : : ; d. This is the quantum stochastic generalization
of the general form [51] for the non-stochastic (Lindblad) Master equation corresponding to the case d = 0. In the case d > 0 with pseudo-unitary block-matrix
= ; ;+
S= [S ] = ; ;+ in the sense S? = S 1 , it gives the general form of quantum stochastic Langevin equation corresponding to the HP unitary evolution for (t) [22].
The nonlinear form of this decoherence equation for the exactly normalized density operator ^ (t) = %
^ (t) =Trh %
^ (t) was obtained for di¤erent commutative Itô algebras in [9, 30, 25].
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